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Analog Signal to Digital Signal

Analog Signal

Digital Signal:
Discrete-time
signal with discrete
amplitude

Discrete-time Signal or Digital Signal

. x|n]=x,(nT), T :sampling period

. sampling period=125 i s
F. = % sampling rate |=>sampling rate=8kHz

_____________________________________________
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Analog Signal to Digital Signal (cont.)

Discrete-Time
Signal

Continuous-Time Continuous-Time to Discrete-Time Conversion
Signal | - .
§ Sampling Impulse Train
xa (t) E =® > TO
§ x,(¢) Sequence
. (@)= Y, @ (- aT)
s(t)= 28(t—nT) = T )6~ T )= Y x[a (- nT)
Periodic Impulse Train _ x,(¢) can be uniquely speciﬁ:ed by x[n]

A

(1) T

-5 ] L

v

s (t

-2T -T 0 T 2T 3T 4T 5T 6T 7T 8T

]

Digital Signal
Discrete-time

signal with discrete
amplitude

)=0, Vt=# 0

(t)ar =1
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Analog Signal to Digital Signal (cont.)

« A continuous signal sampled at different periods

x, (

t) T=T, x,(t) T=2T,
o (® o ) >L~\\\ ji(r)// _-
T, A Trr

7

(b)

TTT, il

4444444444




Analog Signal to Digital Signal (cont.)

e Spectra

27

S (jQ ): zTﬁkﬁ_w 0 (Q - kQ | ) . =7= 27F (sampling frequency)

R S R

=26); =) 0 i 20, 30, Q
(b
X, (jQ)= l—xam )+ 5 (jo) R, m):{T 0<0./2 = x,(0)= Ko, (12)x, ()
: 0  otherwise
X,(0)= =3 x,((@ - k0 ) X"“;/Low pass filter Q<=7
—2.0_
(as—ﬂ,w) :>Q >2Q
high frequency components aby |
got superimposed on _z
low frequency Q >2Qs( T
components LA A < < ~
Q.- | 2 29 a  [+(Q-9,)<Q,
@ =0 <20,

1 1 1 i | X (jQ)can't be recovered from X (/Q
aIIaSIng dIStortlon => a(] ) i p(] 2)004 Speech - Berlin Chen 5



Analog Signal to Digital Signal (cont.)

To avoid aliasing (overlapping, fold over)

— The sampling frequency should be greater than two times of
frequency of the signal to be sampled — Q, >2Q,

— (Nyquist) sampling theorem

* To reconstruct the original continuous signal
— Filtered with a low pass filter with band limit @,
« Convolved in time domain

nvz_:mx(nrjjr_;r:’_j_)_‘—ldeal ret:onst_ruct-i;::-r\ f-il!erml x(8) o : Z nT)h r— nT)
- h(t)=sinc Q¢ '> s

@ i nT s1an (t nT)

2 €)

Samples of x(1)

<
N

—F- = = . -

=BT (2T (n=1T T  (n+ 1T (n+2)T (n+ T
(b) .
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Two Main Approaches to Digital Signal

* Filtering
Signal in

x[n]

Processing

Signal out

Filter

h 4

Amplify or attenuate some frequency
components of x[n]

« Parameter Extraction

Signal in

o]

' yln]

Extraction L o
Chy €1 Cn
e.g.: Ciy | |2 Cro
1. Spectrum Estimation
2. Parameters for Recognition
_Clm _C2m _CLm
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Sinusoid Signals

f :normalizedfrequency

x[n]: A cos (a)n + ¢)
0< f<I

- 4 : amplitude (J5[f) o
- @ :angular frequency (i), @ =24 =—

_ ¢ . phase (#'F))

______

Period, represented
by number of samples

1 - g Db
0.5} - . . - . i -
@ - = ¢
=] * ° ® -
2 - . .
%E-}- (0] = : ° . L . - ]
e ® Ld 72-
= 0.5 '. - '. = °. . 3 x[n]z Acos(a)n—zj
_1 1 o -2._ 1 i _.. [l 1 o _..
0 10 20 30 40 50 60 70 80 T = 25 samples
Time (samples)
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Sinusoid Signals (cont.)

+ x[n] is periodic with a period of N (samples)
—> x[n+N]: x[n]
—> Acos (@(n+ N)+¢)= Acos (wn + ¢)

—> (0N=227T
—> ==
N

« Examples (sinusoid signals)

—  x,[n]=cos (zn/4) is periodic with period N=8
—  x,[n]=cos(37n/8) is periodic with period N=16
—  x,[n]=cos(n) is not periodic
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Sinusoid Signals (cont.)

x,[n]= cos (zn /4)
=cos(£n = cOoS £(n+N1) = COoS £n+£N1
4 4 4 4

= %Nl =27-k= 8-k (N, and k are positive integers )

SN, =38
x,[n]=cos(37m/8)
=cos(3—”-nj=cos(3—”(n+N2)j=cos(37[-n+37[-N2j
8 8 8 8

= %-Nz =27m-k= N, :?k (N, and k are positive numbers )

. N,=16
x,[n]= cos (n)
=cos(1-n)=cos (1-(n+ N,))=cos (n+ N,)
= N, =2rn-k
"+ N; and k are positive integers

o. N, doesn' t exist !
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Sinusoid Signals (cont.)

« Complex Exponential Signal

— Use Euler’s relation to express complex numbers

zZ=Xx+]Jy

—> Z = Aej¢ = A(COS ¢—|— ]Sln ¢) (4 is a real number )

-

x = A cos ¢
y = Asin ¢
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Sinusoid Signals (cont.)

« A Sinusoid Signal

x[n]= 4 cos (on + ¢)

——————————————————————————————————————————————————————————————

______________________________________________________________
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Sinusoid Signals (cont.)

« Sum of two complex exponential signals with

same frequency "
j(@n+¢q) j(wn+¢;)
A e "7+ A,e !

:ejwn(A0€j¢O +Alef¢1)

— /9" o /7

Ae jlon+¢)

A, A, and A, are real numbers

— When only the real part is considered

A, cos(a)n + ¢ )+ A, cos(on + ¢, )= 4 cos(a)n +¢)

— The sum of N sinusoids of the same frequency is
another sinusoid of the same frequency
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Some Digital Signals

Table 5.1 Some useful digital signals: the Kronecker delta, unit step, rectangular signal, real
exponential (a <1 ) and real part of a complex exponential (7 <1).

Kronecker delta, 1 n=0
or unit impulse oln]= {0 otherwise , :
Unit step 1 n20
wi=fy L
Rectangular 1 0<n<N
signal recty 1] = {O otherwise —o—o—«—j—T—U—L-o-»n

Real exponential

x[n]=a"u[n]

Complex
exponential

x[n] = a"u[n] = r"e" u[n]

=r"(cosnw, + j sinnw, Ju[n]

?96 o999
EJJ“)J,MJ“H
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Some Digital Signals

« Any signal sequence x[n] can be represented
as a sum of shift and scaled unit impulse
sequences (signals)

"""""""""""""""""""""""""

x[n]— Zx[k] 5[71 — k]

k=—0 Time-shifted unit

Scale/Welghted impulse sequence

A x(m) A 8(n)

-1
-3 -2 011234 n Sofqiseo Dot iaED
=1
[ J -2
a

wbl- ¥ sl 16k - k1= 3 xle] o[- ]

= x[— 2]5[71 + 2]+ x[—l]é[n +1]+ x[O]é[n]+ x[l]é[n 1]+ x[2]5[n — 2]+ x[3]5[n — 3]
=)Y[h+2]+ 2)y[h+1]+ Q]+ Q[ -1]+ 1)[n-2]+ () [n - 3]
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Digital Systems

* A digital system T is a system that, given an
input signal x[n], generates an output signal y[n]

yln]=Tix|n];

x|n] I

yln]
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Properties of Digital Systems

e Linear

— Linear combination of inputs maps to linear
combination of outputs

Tax, [n]+ bx, [n]y = aT o, [n [+ 6T {x, [n]
* Time-invariant (Time-shift)

— A time shift of in the input by m samples give a shift in
the output by m samples

y[n + m]z T{x[n + m]}, V' m
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Properties of Digital Systems (cont.)

* Linear time-invariant (LTI)

— The system output can be expressed as a
convolution (;5=Af 75 ) of the input x[n] and the
iImpulse response h[n]

— The system can be characterized by the system’s
impulse response h[n], which also is a signal
sequence

e If the input x[n] is impulbd , the output is h[n]
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Properties of Digital Systems (cont.)

* Linear time-invariant (LTI)

— Explanation: o | |
X [n ] = § x [k ]5 [n ok ] Time-shifted unit

S d F S | impulse sequence
scale
o Tl T= 7 Fxlklon - k]
] linear
= Sxl]risln - & I
= sx[k]nln - k]
Impulse response po AL A b |
S [n_L Digital A [n — 5 [n ]* A [n] Time-invariant
System _
L. : L/convolutlon
Time invariant

5[n]—T> h[n]
Sln—k|——— hln k]
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Properties of Digital Systems (cont.)

* Linear time-invariant (LTI)

— Convolution Length=M=3
 Example ’ T ‘
1
o [”] ' g 1 [eee—
Length=L=3 > LTI /| [n ] -2
T f" x[n] ? I:engtE=L+A/i-1
0—0—0—01—;°> — LTI [—
3 3h[n] ? T )
s, |

W Sum up
11 [

[\
~
S
I
p—
A__.N
b
—
S
=
e 1Y
N o &
; w
ol et
=~ o
N o=
20— W \<

— @

1-ln—2]e—e—s—s—seo |
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Properties of Digital Systems (cont.)

* Linear time-invariant (LTI)
— Convolution: Generalization

« Reflect h[k] about the origin (— h[-k])

. Slide (h[-k] — h[-k+n] or h[-(k-n)] ), multiply it with

x[K] y 1= 3wl dnln - k]
A G 7 - B TRE G- )
A [k] Reflect Multiply

E mmm = > slide

o :

:> Sum up

2004 Speech - Berlin Chen
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3 onvolutic
S e
Reﬁect ; 2 vlnl= x|n]* hln]
N PN g ol
2?11' % y[n],n:O
h[- k] [0 o —) "% \
3 Tl =
h—k +1] - —> 1 Sum up
-2 31 ; 1, - 11 y[n
h[k+2]._._.iI'2fﬂ :>4—'—°—2Ly'[—'l% > $I434.>
- 31 [n],n=3 012#'£
H-k+3 5 :>—H—°—'3Ty°%
2 ) 1y[n],n=4
h[—k+4 234 |:“> —Q—H—o—o% / |




Properties of Digital Systems (cont.)

* Linear time-invariant (LTI)

— Convolution is commutative and distributive

x[n ] n[n]* 0]
= xn]n,[n]*n [n]
hy[n b= <> —n, [n]=h,[n ]}~

\ 4

Commutation —> h, [n ]

o ]* (ryln ]+ s [n D)

hz[n] = x[n]*hl[n]+ x[n]*hz[n]
Distribution { O—> <:|> —> by [n ]+ hy[n ]—
hl[”]

= x[n]*h[n]

— An impulse response has finite dur tyiO[f’ZI ]: W ln 1% x[n]
» Finite-lImpulse Response (Fl ~ Fak1nr - k]
—An impulse response has infinite duration L

\ kﬁ_wh [k]x[n—k]
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Properties of Digital Systems (cont.)

 Bounded Input and Bounded Output (BIBO): stable
| x[n]|< B, < 0o Vo
| yIln]|< B, <o Van
— A LTI system is BIBO if only if h[n] is absolutely summable
> |k ]l

k = —o©
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Properties of Digital Systems (cont.)

« Causality

— A system is “casual” if for every choice of n,, the output
sequence value at indexing n=n,depends on only the input
sequence value for n<n,

y[n0]= kg_lakJ’[no - k]+ k%mﬂkx[no - m]

— Any noncausal FIR can be made causal by adding sufficient long
delay
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Discrete-Time Fourier Transform (DTFT)

* Frequency Response H(ef“’)
— Defined as the discrete-time Fourier Transform of 4 [n |

— H (e’*) is continuous and is periodic with period= 27

H(e’™®) [
proportional to two
times of the sampling
frequency

i J T I »>
-2T -T T 21 ®

Figure 5.8 H(e’”) is a periodic function of @ .

— ") isa complex function of @

H(ej”)z Hr(ejw )+ jHl.(ej“’)
— |# (e Jo ).

magnitude 2004 Speech - Berlin Chen 26



Discrete-Time Fourier Transform (cont.)

« Representation of Sequences by Fourier Transform

H (e jo )z nzf_ooh [n ]e 7" DTFT

hln]-= #J”ﬁ H (e’® )e " dw Inverse DTFT

— A sufficient condition for the existence of Fourier transform

> ‘ h [n ]‘ < © absolutely summable

n= -0

Fourier transform is invertible :
H(ej“’ ) = _%h[n]e_j”"

] . . 1 . w o
= 7 B JO |,Jon £ B T —jom: _ jon
e ) S
- 3 h[m]zi e m g — 3 hlm] 8ln—m]= fn]

T

m=—00 m=—a0

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

=
27

1 ot ¥
- Jj2m(n—m) [ej ( )]_”

_sin 72'(11 - m)

72'(1’2—17/1)
B I, m=n
- 0, m#n

=§[n—m]
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Discrete-Time Fourier Transform (cont.)

Convolution Property

H (e J@ )z nz.o h[n]e_j“’”

o0

k = —oo
ni=n - bk
O’o/\oo ___________________________________ = n = nik
Pe)= ¥ 3 slBl- kT 2 Ll
=0 k=
— ZOO: x[k]ejwk( ZOO: hilnt]e 7 ]
k = —© n'=s —oo

= il )| =i [l

Lox[n]®h [n ]<:> X (e’ )H (e 1 ) :LY(ej”):LX(ejw)+LH(ejw)
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Discrete-Time Fourier Transform (cont.)

e Parseval’'s Theorem

power spectrum
A N The total energy of a signal
| X ( 1 d (» can be given in either the
n=—w 27 R time or frequency domain.

— Define the autocorrelation of signal x| |

Rxx [n]: §X[m+n]x*[m] l=m+n

m = —o0 =>m=Il-n=—-(n-1)
PN = zx x[=(n=1)]=x[n]*x"[-n]
S (@)= X(w)X (w X (@)
wn _ 1 4 2 jon
n :%L{Sxx w)e’ dw—%j_ﬂ‘X(w)( e’"dw

Set n =0



Discrete-Time Fourier Transform (cont.)

Property Signal Fourier Transform
Linearity ax,[n]+ bx,[n] aX,(e’)+bX,(e’®)
x[—n] (&™)
x*[n] X
x"[—n] X" (")

X (e’®) is Hermitian
X(e®) = X" (/)
Symmetry ]X(e’:‘“)l is even®’

x[n] real Re{X(e’”)} is even
arg{ X (e’® )} is odd’
Im {)k’(ef“'J )} is odd
Even{x|#]} Re{X (e’”)}
Odd{x[n]} JIm{X (')}
Time-shifting xln—n,] X (e/®)e /o
x[n]ejm(,n X(ej(CD—wo) )
Modulation
x[n]z,
C Tuts x[n]* hln] Xi(e™ )YH (e!)
onvolution
x[n]y[n] %X(ef“’)*l’(e"“’)
T
P I = . ’
ke, R [nl= 3 xm+nlx'Tm] | S=(@ =|X()

m=—co
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Z-Transform

« z-transform is a generalization of (Discrete-Time) Fourier
transform

h n H (e 10 )
hin. H (z)
— z-transform of ! n i]; defined as
H(z)= _f hlnlz "

* Where .» » & complex-variable
J Im | complex plan

Lz =T
 For Fourier trans?orm

He”)=HG) . <> "

— z-transform evaluated on s = ol® (|Z| 1) unit circle
the unit circle
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Z-Transform (cont.)

* Fourier transform vs. z-transform
— Fourier transform used to plot the frequency response of a filter
— z-transform used to analyze more general filter characteristics, e.g.

stability Im » complex plan
(Y
_ )
* ROC (Region of Converge) R

— Is the set of z for which z-transform exists (converges)

o0

Z ‘]’l [n ]HZ ‘_n < OO  absolutely summable
n = —oo

— In general, ROC is a ring-shaped region and the Fourier
transform exists if ROC includes the unit circle
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Z-Transform (cont.)] - s 1l - 1

 An LTI system is defined to be causal, if its impulse
response is a causal signal, i.e.

h[n] =0 for n<0 Right-sided sequence

— Similarly, anti-causal can be defined as

h[n] =0 for n>0 Left-sided sequence
 An LTI system is defined to be stable, if for every
bounded input it produces a bounded output

— Necessary condition:

i ‘h[n]‘ < o

 That is Fourier transform exists, and therefore z-transform
include the unit circle in its region of converge
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Z-Transform (cont.)

* Right-Sided Sequence

— E.g., the exponential signal 0
1 forn=>0
1. hln]=a"uln] where u|n]=
0 forn<O
HI(Z)Z >a'z" = Z(CIZ ) T = have apole at Z=d
N=—x0 N=—0 { — AZ <—(Pole: z-transform goes to infinity)
f |az ™| <1
" ROC | is |z|> |a]
the unit cycle Im 4
\ Fourier transform of
/>< - hy|n]exists if |a| <1
\\\\\ q/,’ Re
T 2004 Speech - Berlin Chen 34




Z-Transform (cont.)

« Left-Sided Sequence
- E.g.

2. hz[n]z—a”u[—n—l] __________________________
HZ(Z):— %ia"u[—n—l]z_” == _Zla”z_” If ‘a‘ z‘ < |

n=

< . —n_n 2 .- Z::Oo/l —Cl_lZ 1
=—>a 'z =1—Z(a z)
n=1 n=0 l—-a z l—-a z 1-az

. ROC , is |z|<|d]

the unit cycle

Im »
\\ when ‘a‘ <1, the Fourier transform of
.;‘ {} | . hy|n]doesn't exist, because &, [n]will go
| Z Re exponentially as n — —oo
2004 Speech - Berlin Chen 35




 Two-Sided Sequence

Z-Transform (cont.)

— E.g.
3. h3[n]
A

. ROC 4 is |z|< |- and |2|> [-

\ Im 1

the unit cycle

A

\\
/ \\
’
' 1 \
|
1
3 2 '.
II 8
' 1
\
\
\\ 2
\
\\
\\\\ ’/,/

\
\
1
1
1
—
’
’
’
’
’

»

Fourier transform of 7, [n] doesn' t exist,

Re because ROC, doesn'tinclude the unit circle

2004 Speech - Berlin Che
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Z-Transform (cont.)

* Finite-length Sequence

- E.g. 0 N-1
", 0<n<N-1
3' h4 [n]: g, othelis ZN_1+azN_2+azz;_3+ ..... +a™!
N-l o N-If 1= az”! N 1z ;aN
H4(Z):n:0a z :EO(‘ZZ 1) - lﬁazl) TN

". ROC , 1s entire z -plane except z =0

the unit cycle I 2, = ae j(%z%) k=1 N —1

b

If N=8

‘ < ,:' » Re
\‘o\ o
el
7 poles at zero A pole and zero at

Z =aqa is cancelled
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Z-Transform (cont.)

* Properties of z-transform

1.1f p[,] is right-sided sequence, i.e. hln|=0, n <n, and if ROC
is the exterior of some circle, the all finite z for which |z| > 7,
will be in ROC

e If n>0 ,ROC willinclude z =

A causal sequence is right-sided with 7, 20
ROC is the exterior of circle including z =«

2.1f h[n] is left-sided sequence, i.e. h[n]=0, n>n, the ROCis
the interior of some circle, z =
e If 7, <0 ROC will include
3.1f h[n] istwo-sided sequence, the ROC is a ring
4. The ROC can’t contain any poles
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Summary of the Fourier and z-transforms

Table 5.5 Properties of the Fourier and z-transforms.

m=—oco

Property Signal Fourier Transform z-Transform
Linearity ax,[n]+ bx,[n] aX (e’)+bX, (™) aX,(z)+bX,(2)
x[—n] X&) X(z™)
x"[n] X*(e) X*(z")
x"[-n] X (&™) X (1/z%)
X (e’”) is Hermitian
A(e™)= X" (&)
Symmetry {X (e’:‘")l is even’
x{n] real Re{X(e’®)} is even X(z)=X"(2)
arg{X (efw)} is odd’
Im{X(e’*)} is odd
Even{x[n]} Re{X(e’®)}
Odd{x[n]} JIm{X ()}
Time-shifting x[n—n,] X (™) o® X(z)z™
x[n]e’” ey X(e'™z)
Modulation e X(z/z,)
. x[n] * h[n] X(e™)H(e'®) X(2)H(z)
Convolution x[n]y[n] 20 X () Y(e™)
20
Theoem | Relrl= 3 stmenlx'[m) | S=@=|X@[ | X@X'0/2)
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LTI Systems in the Frequency Domain

Example 1: A complex exponential

segquence x[n]: ejcon y [n ]:: h [[: ]]: il[[:]]

— System impulse response h[n] A

y[n]: x[n]* h[n]: ZOO: h[k]ejw(n—k) = T alk]xln - & ]
k=-o

H(ej”): the Fourier tr ansform of

— e /" Z h [k ] e jok the system impulse response.
: : It is often referred to as the

B H (e jw } jon system frequency response.

— Therefore, a complex exponential input to an LTI system
results in the same complex exponential at the output, but

modified by F1(e’” )
« The complex exponential is an eigenfunction of an LTI
system, and H(ef”) is the associated eigenvalue

T {x [n ]} = H (e " )x [n ] 2004 Speech - Berlin Chen 40



LTI Systems in the Frequency Domain (cont.)

« Example 2: A sinusoidal sequence x|n]= Acos(w,n + ¢)
x[n]: Acos(a)on+¢) e’’ =cos @ +isin @
y 4 e/’ =cos@—isin 6
- Eeme”’o" + Ee_”je_’a’o” I :%(ejﬁ ve )
— System impulse response h[n] z=xtjy  Set=coso+jsne

Z¥=x—jy :(e’”):cosa}—jsina)

e’ =cos(-w)+ jsin(- o)
e IGREEEEtS : =cos @ — jsin @

Ao e o] Wk
Al e Yol lormnss [ (em e rentem o]
= A‘H(ej“’O XCOS [coon +@+ LH(ej“’O )]
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LTI Systems in the Frequency Domain (cont.)

« Example 3: A sum of sinusoidal sequences

[ ] ZA cos(a) n+¢k)
yln]= i/l ‘H(e’”"}cos[a)kn+¢k +4H(ej”k )]

— A similar expression is obtained for an input consisting of a sum
of complex exponentials

2004 Speech - Berlin Chen 42



LTI Systems in the Frequency Domain (cont.)

- Example 4: Convolution Theorem  fn}+Hn]< X{e”*)Hle)

"1 = ' DTFT -
dlnl= 2oln—kp. > X(e)= Y %{(w—%kﬂ
w k=—o0
hn]= Za”u[n], a‘<1 __DTFT N H(ej“’): L
s l1—ae™”
x[n] [X(w)|
S oo ) ™
1 = 27 27
| f—P— —TC | |.%n.| AEAEL0) :l—aej kz;x) §|:(a)—?k):|
h[n] [H(0)| |H(w)] _272' = 1 ( _2_7Z'j
1\ L/’\ P kzool ae‘zﬂké‘{ ’ '
=1L I TC @
- yIn] |H(0)]2nff’, lsz)l
Wl [\ \ K k o L_—f’f//t f\\\r\ i
|~ P—] n - I ,42:7c>| T ®
£ 2004 Speech - Berlin Chen 43



LTI Systems in the Frequency Domain (cont.)

« Example 5: Windowing Theorem x[n]m{n]@ziW(é“’)*X(é“’)
7T

x[n]: kiﬁé[n — kP]

27m
W[I’l]: 0.54_0.46(:08(]\]_1), n= 0,1 ........ N -1 Hamm|ng window
0 otherwise
XN jo 1 jo jo
TEE )= L wiem)oxfer)
LU L] | o,
EapLe n —7 <:> P ) _ZW<6 )*k;o?é(w_?kj
2R S R
n e :%Z {mzoo W(ejm)é(a)—z—ﬂk—mj}
y[n] o wWeye:| 1Y) 1 ” m:_z Z”kj
Sl
N V(-2
= =
2 2004 Speech - Berlin Chen 44




Difference Equation Realization
for a Digital Filter

* The relation between the output and input of a digital
filter can be expressed by

N M
W)= sl k1 ¥ pocln ]
linearity and delay properties @ delay property
X [n ] — X (z )

x[n —n ]—) X(Z)Z_”O

r()- $a vt e ¥ g

Causal:

A rational transfer function @ Rightsided, the ROC outside the
d, outmost pole
Y (Z ) Z Stable:
H (Z ) — = The ROC includes the unit circle
X (z) X -k Causal and Stable:
>,z . .
k=1 all poles must fall inside the unit

circle (not including zeros) 45



Difference Equation Realization
for a Digital Filter (cont.)

O - 1

Im

Z — plane

b
- "'"q..

II % \\\\
Fi
X -
) T wm
1 X119 ! _
[}
5\ : K 7 _

aﬁ"'“ :

Unit Circle

Figure 2.8 Pole-zero configuration
for a causal and stable discrete-time

system.
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Magnitude-Phase Relationship

 Minimum phase system:

— The z-transform of a system impulse response sequence ( a

rational transfer function) has all zeros as well as poles inside the
unit cycle

— Poles and zeros called “minimum phase components”

— Maximum phase: all zeros (or poles) outside the unit cycle
* All-pass system:

— Consist a cascade of factor of the form

. +1
l-a z
1—az™

— Characterized by a frequency response
with unit (or flat) magnitude for all frequencies

l-a z 1

-1
1—az

Poles and zeros occur at conjugate
reciprocal locations

2004 Speech - Berlin Chen 47



Magnitude-Phase Relationship (cont.)

* Any digital filter can be represented by the cascade of a

minimum-phase system and an all-pass system

H(z)=H,;,(2)H,,(z)

Suppose that H (z)has only one zero %* (|a| <1)

outside the unit circle. H (z)can be expressed as :

el
= H, (Z)(l—az )((1_ azl))

where :

H, (z )(1 —az™ )is also a minimum phase filter.

(1 Bl Z) is a all - pass filter.

(l—az_l)

H(z) = H, (z)(l = a*z) (H, (z)is a minimum phase filter)
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FIR Filters

* FIR (Finite Impulse Response)
— The impulse response of an FIR filter has finite duration
— Have no denominator in the rational function
 No feedback in the difference equation H(z)

H(Z): X(z): :Zjoﬂkz_k

— Can be implemented with simple a train of delay, multiple, and
add operations
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First-Order FIR Filters

* A special case of FIR filters

y[n]: x[n]+ ax[n —1] > H(z): 1+az™!

‘H(ej“’}2 = ‘1+a(cosa)—jsin a))(2

H(ej“’ ): —arctan(

H (ej“’ ): 1+ e’

=(1+CZCOSC())2+(CZSinC())2 =14+ 2a cos w

a Sin @
1+ o cosw

1010g‘H (e"”r

0.2 0.25 0.3 0.35 0.4 0.45

Normalized Frequency

0 0.05 0.1 0.15 0.5

Figure 5.21 Frequency response of the first order FIR filter for various values of ¢ .

2004 Speech - Berlin Chen 50



Discrete Fourier Transform (DFT)

* The Fourier transform of a discrete-time sequence is a
continuous function of frequency

— We need to sample the Fourier transform finely enough to be
able to recover the sequence

— For a sequence of finite length N, sampling yields the new
transform referred to as discrete Fourier transform (DFT)

N-1 —jz—ﬂkn

X(k)ZZX[n]e Yo, 0sn<N-I DFT, Analysis

Jj—kn
X[k]e N 0<n<N-1 |Inverse DFT, Synthesis
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Discrete Fourier Transform (cont.)

VO<ESN-I
N-1 _]2_7rkn
X[k]sz[n]e , 0sn<N-1
n=0
1 1 i T T -
- ]%”1.1 - ]2—”1-(N—1) x[O] X[O]
e ] | | X[
_j%”(zv—m e—j%”(zv—l)(zv—l)__x[N_l] _X[N—l]_
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Discrete Fourier Transform (cont.)

Orthogonality of Complex Exponentials

S EEA Y 1, if k-r = mN
—_— e —
N < 0, otherwise
1 ~ -1 JE
- N
~ ., X [k]e
N o1 2 N-1 1 N-1 SR
Z:Ox[n]e — nz:oN_kzoX[k]e
2
B ~1 I ~-1 1= X[k]= x[r+mN |
2oX[k][N_ z=o ¢ } = x|r]
= X [r]
N -1 i
= X [k]= "5 x[n]e
= 0
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Discrete Fourier Transform (DFT)

« Parseval’s theorem

N -1 5 1 N -1 )
z ‘x[n]‘ = —Z ‘X(k )‘ Energy density
n=0 N k=0
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