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Two-step approach to Calculating Derived PDF

• Calculate the PDF of a Function                  of a continuous ( )XgY =
random variable X

( )g

1. Calculate the CDF           of        using the formulaYYF

( ) ( )( ) ( )dfXF ∫≤P( ) ( )( ) ( )( ){ } dxxfyXgyF yxgx XY ∫=≤= ≤P

2. Differentiate to obtain the PDF (called the derived distribution) of 

( )d

Y

( ) ( )
dy

ydFyf Y
Y =
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Illustrative Examples (1/2)

• Example 4.1.  Let be uniform on [0, 1]. Find the PDF Xp [ , ]
of . Note that takes values between 0 and 1.YXY =
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Illustrative Examples (2/2)

• Example 4.3. Let , where is a random 
variable with known PDF Find the PDF of

2XY = X
( )xf X Yvariable with known PDF            .  Find the PDF of     

represented in terms of           .
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The PDF of a Linear Function of a Random Variable

• Let be a continuous random variable with PDF    , X ( )xf X ,
and let

( )

,baXY +=
for some scalar              and       . Then, 0≠a b

( ) ⎟
⎞

⎜
⎛ − byff 1( ) ⎟

⎠
⎞

⎜
⎝
⎛=

a
yf

a
yf XY

a>0, b>0a 0, b 0
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The PDF of a Linear Function of a Random Variable (1/2)

• Verification of the above formula
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Illustrative Examples (1/2)

• Example 4.4. A linear function of an exponential p p
random variable.
– Suppose that     is an exponential random variable with PDFX

( )
⎪⎩

⎪
⎨
⎧ ≥=

−

otherwise0
,0 if   , xexf

x

X

λλ

• where is a positive parameter. Let . Then,

⎪⎩ otherwise.         ,0

λ baXY +=p p
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Illustrative Examples (2/2)

• Example 4.5. A linear function of a normal random p
variable is normal.
– Suppose that         is a normal random variable with mean 

d i
X μ

2and variance , 2σ
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Monotonic Functions of a Random Variable (1/4)

• Let     be a continuous random variable and have values X
in a certain interval . While 
random variable                    and we assume that is 
t i tl t i th i t l Th t i ith

I ( ) ) for    0 ( Ixxf X ∉=
( )XgY =

I
g

strictly monotonic over the interval . That is, either
(1) for all , satisfying 

(monotonically increasing case) or

I
Ixx ∈′,( ) ( )xgxg ′< xx ′<

(monotonically increasing case), or

(2) for all , satisfying Ixx ∈′,( ) ( )xgxg ′> xx ′<
(monotonically decreasing case)
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Monotonic Functions of a Random Variable (2/4)

• Suppose that is monotonic and that for some function gpp
and all in the range of we haveh XIx

( ) ( )hifldif( ) ( )yhxxgy == ifonly andif    

– For example,

( ) ( ) byyhxbaxxgy −
==⇒+== ( ) ( )

( ) ( ) yyhxexgy

a
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ax ==⇒==
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ln

                

( ) ( )

( ) ( ) byyhxbaxxgy

a
yhxexgy

−
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Monotonic Functions of a Random Variable (3/4)

– Assume that has first derivative                   . Then the PDF h
( )

dy
ydh

( )of in the region where is given by
y

Y

( )ydh

( ) 0>yfY

( ) ( )( ) ( )
dy

ydhyhfyf XY =

• For the monotonically increasing case
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Monotonic Functions of a Random Variable (4/4)

• For the monotonically decreasing case
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Illustrative Examples (1/5)

• Example 4.6.   Let , where is a ( ) 2XXgY == Xp ,
continuous uniform random variable in the interval          .       
– What is the PDF of       ? 

( )g
]1 ,0(

y
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Illustrative Examples (2/5)

• Example 4.7.   Let      and      be independent random X Yp p
variables that are uniformly distributed on the interval [0, 
1], respectively. What is the PDF of the random variable  

{ }YXZ ,max=

( ) { }( )
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Question

• Let      and      be independent random variables that are X Y p
uniformly distributed on the interval [0, 1], respectively. 
What is the PDF of the random variable  { }YXZ ,min=

Probability-Berlin Chen 15



Illustrative Examples (3/5)

• Example 4.8.   Let      and      be independent random X Yp p
variables that are uniformly distributed on the interval [0, 
1]. What is the PDF of the random variable  XYZ /=

tindependen are,YXQ
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Illustrative Examples (4/5)

• Extra Example.  Let      and      be independent random X Yp p
variables that are uniformly distributed on the interval [0, 
1], respectively. What is the PDF of the random variable  
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Illustrative Examples (5/5)

• Example 4.9.   Let      and      be independent random 
variables that are exponential distributed with parameter

X Y
λvariables that are exponential distributed with parameter      . 

What is the PDF of the random variable
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An Extra Example
• Let      and      be independent random variables that are 

uniformly distributed on the interval [0, 1], respectively. 
X Y

y [ ] p y
What is the PDF of the random variable  { }YXZ ,2max=

[ ]′′ 20ddi t ib tif li2L t XXX [ ]
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( ) { }( ) { }( )≤′=≤=
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HW-5 (due 2009/12/22)

1. Let      and      be independent random variables that are X Y p
uniformly distributed on the interval [0, 1]. What is the 
PDF of the random variable YXZ 3=

2. Let      and      be independent random variables that are 
f
X Y

uniformly distributed on the interval [0, 1]. What is the 
PDF of the random variable YXZ 32 −=
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Sums of Independent Random Variables (1/2)

• We also can use the convolution method to obtain the 
di t ib ti f YXWdistribution of
– If      and       are independent discrete random variables with 

integer values
X Y

YXW +=

integer values 

( ) ( ) ( )∑ ====+= yYxXwYXwpW ,PP( ) ( ) ( )
( ){ }

( ) ( ) ( )∑ −===∑ −===

∑
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xwYxXxwYxX
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W
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,
,

PPP

( ) ( ) ( ) ( )⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑ −−∑= ypywpxwpxp Y
y

XY
x

X

xx

  toequivalent also                
⎠⎝ yx

Convolution of PMFs of     and X Y
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Sums of Independent Random Variables (2/2)

– If and are independent continuous random variables,X YIf      and       are independent continuous random variables, 
the PDF           of                  can be obtained by

X Y

( ) ( ) ( )dxxwfxfwf YXW −∫=
∞
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C l ti f PMF f d( ) ( ) ( )
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∫=
∞
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∞−

  toequivalent also              

      Convolution of PMFs of     and X Y

( ) ( )xXwYXxXwW =≤+==≤     
 thatNote

PP ( ) ( ) ( )= xwfxfxwf XWXXW ,
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Illustrative Examples (1/4)

• Example. Let and be independent and have PMFs 
given by

X Y
⎧ = 0if2/1 ygiven by
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– Calculate the PMF of                  by convolution.
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Illustrative Examples (2/4)

• Example 4.10. The random variables and are 
independent and uniformly distributed in the interval

X Y
independent and uniformly distributed in the interval 
[0, 1]. The PDF of isYXW +=

( ) ( ) ( )dfff ∫
∞( ) ( ) ( )dttwftfwf YXW −∫=
∞
∞−
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( )tf X

1

( )tfX

1

( ) 0 i =w ( ) 10 ii << w
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Illustrative Examples (3/4)

( ) 2 iv =w
( )tfX ( )tfX
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Illustrative Examples (4/4)

– Or, we can use the “Derived Distribution” method previously 
introduced
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Graphical Calculation of Convolutions

• Figure 4.10. Illustration of the convolution calculation. g
For the value of under consideration, is equal 
to the integral of the function shown in the last plot.

W ( )wfW

Flipped around the originShifted by w( w>0: shifted right
12

y( g
w<0: shifted left )

C l l t th d t f t l t
3
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Calculate the product of two plots



Recitation

• SECTION 4.1 Derived Distributions
– Problems 1, 4, 8, 11, 14 
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