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Aims of This Chapter

* |ntroduce methods that are useful in

— Dealing with the sum of independent random variables, including
the case where the number of random variables is itself random

— Addressing problems of estimation or prediction of an unknown
random variable on the basis of observed values of other
random variables
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Transforms

Also called moment generating functions of random
variables

The transform of the distribution of a random variable X
is a function M(s) of a free parameter s, defined by

M (s)=Ee]
— If X is discrete
MX(S ) = Zespr(x)
X

— If X is continuous

My(s)=[" " fx(xhx
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lllustrative Examples (1/5)

« Example 4.1. Let

(1/2, if x =2,
py(x)=41/6, if x =3,
1/3, 1if x=5.

Notice that :
M 4 (0)= E[eOX ]z >e’ py(x)
X
> ) |
X
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lllustrative Examples (2/5)

« Example 4.2. The Transform of a Poisson Random
Variable. Consider a Poisson random variable X with
parameter A :

x —A
py(x)= e , x=012,...
x!
0 et

MX(S)Z Zoesx .
= .

=e "y — (Letazes/l)
| 2 3

_ . . a a
— ¢ e L McLaurin series (1 +a+ o + o + .- ) — ea]
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lllustrative Examples (3/9)

« Example 4.3. The Transform of an Exponential
Random Variable. Let X be an exponential random
variable with parameter 1:

fyx(x)=2e™, x>0

My (s)= [ e™ de M dx
= Al =) gy
e(s—/l)x
(s=2)
A
A—s

=1 > (if s—1<0)

Notice that :
M y (s)can be calculated only when s < A
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lllustrative Examples (4/5)

« Example 4.4. The Transform of a Linear Function of a
Random Variable. Let M,(s) be the transform
associated with a random variable X . Consider a new
random variable Y=qX+5. We then have

MY (S) _ E[es(aX—lrb)] _ eSbE[esaX ] _ esb MX (Sa)
— For example, if X is exponential with parameter A=1 and
Y=2X+3 ,then

A1
A—s l-s

MX(S)

My(s)=e My (25)=€
1-2s
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lllustrative Examples (5/5)

 Example 4.5. The Transform of a Normal Random
Variable. Let X be normal with mean x# and variance o

We first calculate the transform of a standard

normal random variable Y

1 —y?/2
— e d
Ty (y) N27 Since we also know that Y = B ,
0 1 — o
MY(S): _ooeSyTe y2/2dy we can have X =aY + u
T | >
2 2 2 MX(S):eSﬂMY(SO')
— e /2 .J-oo 1 e—[(y /2)—sy+(s /2)]dy
% 2 — S '8520'2/2
:es2/2; iooo;e_(y—s)z/zdy i _ es,u+(s202/2)
_______ Y
=€S2/2 1
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From Transforms to Moments (1/2)

 Given a random variable X , we have

El Sx] “frlxdx  (If X is continuous)

E[ Sx] Ze Pxlx) (If X is discrete)

* When taking the derivative of the above functions with
respect to s (for example, the continuous case)

dMX() df’,, eSXfX(x)dx

Coxe” fylxkx

x - y(x)

— |f we evaluate it at s=0, we can further have the first moment of ¥
dMy(s)

ds ‘S_O .[ xesx X(x}bds—O I fo(ny E[x
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From Transforms to Moments (2/2)

» More generally, the differentiation of My(s) n times with
respect to s will yield

d"My(s)
d"s

| 4=0 = fioooxnesxf)((x)dx‘ g=0 =172, x" [y (x)dx = E[x"]

the n-th moment of X
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lllustrative Examples (1/2)

 Example 4.6a. Given a random variable X with PMF:
(1/2, if x=2,
py(x)=11/6, if x =3,
1/3, if x=35.

Aﬁyh)zEL9Y}=§emPX(x)

2
M d*M (s
:>E[X]=d (S)\SZO = E[X?]= ()‘
ds
Lol s s -0 Ly e23+— 9.6 +L.25.¢5 -0
2 6 3 2 6
:1+—+—:lg :2+2 —Z—ZL
6 6 6
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lllustrative Examples (2/2)

« Example 4.6b. Given an exponential random variable X

with PMF: fX(x):ﬂe_ﬂxﬂ 50,
My (s)= [ e™ e ™ dx
:wae(s_ﬂ)xdx
(s ﬂ)x Oo .
(S—/I) (if s—4<0)
B ﬁ—s
= E[x ]= def(S)\S:o - Elx2]-4¢ MX(S)\
_ A ‘ _ 24 ‘
(/1 —5)2 +=0 (/1 —3)3 $=0
"2 e
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Two Properties of Transforms

 For any random variable X , we have
My (0)= E[eOX]: Ell]=1

« If random variable X only takes nonnegative integer
values (x=0,1,2,--- )

lim M, (s)=P(X =0)

§—> —00

lim My (s)= lim S P(X =kk* =P(X =0)

§—> —00 §——0 f=()
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Inversion of Transforms

* Inversion Property

— The transform M(s) associated with a random variable X
uniquely determines the probability law of X , assuming that
My/(s) is finite for all s in an interval [-a, a} a>0

* The determination of the probability law of a random variable
=> The PDF and CDF

+ In particular, if A7, (s)=My/(s) forall s in |- a, a] , then the
random variables X ané/ Y have the same probability law
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lllustrative Examples (1/2)

« Example 4.7. We are told that the transform associated
with a random variable X is

“py(x), (if X isdiscrete)

4
PX(O): P(X - 0):%,
pr(@)=P(x=4)=.
PX(S):P(X :5):%
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lllustrative Examples (2/2)

« Example 4.8. The Transform of a Geometric Random
Variable. We are told that the transform associated with
random variable X is of the form

S
€
My (s)= .
S
l—ﬁ—pk
* Where 0 < p <1 dm
P plr]- 2|
If (1- ple® <1, wecanseta =(1—p)e’. e’
- Based on the property that d(l (- p)e* J |
= s=0
L=1+05+052+..., (a<1) ::> ds
l-a et (=p)pe’ |
- M y (s)is then expressed as REETEE (1 - p)es)z 5=0
MX(S)zpeS(1+(l—p)eS+(1—p)2ezs+(1—p)3e3s+...) 1 (1-p)p
=4+ -—
- It can be infered that X is a discrete random variable with PDF p?
px(x)=pl-pf~, x=12,.. :%

. X 1s a geometricrandom variable
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Mixture of Distributions of Random Variables (1/3)

« Let Xy,..., X, be continuous random variables with
PDFs fx,»---»/x, ,andlet Y be a random variable,
which is equal to X; with probability p; (X p; =1). Then,

fY(J’):plfxl(y)+"'+pann(J’)

(Note that this is quite different from:Y = p X, +---+ p X )

and

Probability-Berlin Chen 17



Mixture of Distributions of Random Variables (2/3)

fY(J’):p1fX1( ) i 2" fX Zp =1

: E[esy]z ro esyfy )dy
_I (ple + --+pann(y))z’y
= _.[_we p1fX1( )dy}---{r esypann(y)dy}

_ :Pl J‘: e 1, (x, )dxl} 4eegt [ D fw ™ fy (x, )a’xn}

=pM (S)+"'+pnMXn (S)
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Mixture of Distributions of Random Variables (3/3)

- Mixture of Gaussian Distributions

— More complex distributions with multiple local maxima can be
approximated by Gaussian (a unimodal distribution) mixture

n n
fY(y):.lepiNi(y;ﬂi,O'iz) Z:lpl-zl
1= 1=

— Gaussian mixtures with enough mixture components can
approximate any distribution
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An lllustrative Example (1/2)

 Example 4.9. The Transform of a Mixture of Two
Distributions. The neighborhood bank has three tellers,
two of them fast, one slow. The time to assist a customer
Is exponentially distributed with parameter ./ = 6 at the
fast tellers, and [ =4 at the slow teller. Jane enters the
bank and chooses a teller at random, each one with
probability 1/3. Find the PDF of the time it takes to assist
Jane and the associated transform
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An lllustrative Example (2/2)

— The service time of each teller is exponentially distributed

le (x) = 66_6x, x=0. the faster teller

sz (x) = 4e_4x, x>0. the slower teller

— The distribution of the time that a customer spends in the bank

fY( ) 63%&;

* The assocnated transform

4™ p>0.

1

My(s) E[ Sy] jwesy@ 6e + 4e_4yjdy

2 w0 l
=—j0 & -6 dy+§ lo €” 4™ dy

UJ|[\)

6 1 4
—+ — fors <4 f. p.12
s 34y lomsH e

W | —
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Sum of Independent Random Variables

« Addition of independent random variables corresponds to
multiplication of their transforms

— Let X and Y be independent random variables, and
let W =X +Y . The transform associated with W s,

My (s)= E[eSW]: E[eS(X+Y)]= E[eSXeSY]z E‘eSX]E[eSY]zMX(S)MY(S)

e Since X and Y are independent, and ¥ and Y are
functions of X and Y , respectively

* More generally, if X,,..., X, is a collection of independent
random variables, and W = X, +---+ X,

MW(S):MXI(S)”'MXH (S)
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lllustrative Examples (1/3)

« Example 4.10. The Transform of the Binomial.

Let X,,...,X, beindependent Bernoulli random
variables with a common parameter p . Then,

MXi(S):(l—p)eS'O+peS'1 =1-p+pe’, fori=1,....n

- IfY=X;+---+X,, Y can be thought of as a binomial
random variable with parameters n and p , andits
corresponding transform is given by

My (s)=TI My ()= 1= p+ pe*
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lllustrative Examples (2/3)

Example 4.11. The Sum of Independent Poisson
Random Variables is Poisson.

— Let X and Y be independent Poisson random variables with
means A and u , respectively

* The transforms of X and Y will be the following, respectively

M y(s)= el(es‘l), My(s)= eﬂ(es—l) of. p.5

— If W=X+Y, then the transform of the random variable W is
MW(S): MX(S)MY(S)
_ el(es—l)e,u(es—l)
_ e(/1+,u)(es—l)

 From the transform of W , we can conclude that 7 is also a
Poisson random variable with mean A + u

Probability-Berlin Chen 24



lllustrative Examples (3/3)

 Example 4.12. The Sum of Independent Normal
Random Variables is Normal.

— Let X and Y beindependent normal random variables with
means 4,4, ,andvariances 0%,05 , respectively
* The transforms of X and Y will be the following, respectively
O_z 2 G§S2

My(s)=e 2 s , My(s)=e 2

THyS  cf. p.8

— If W=X+Y, then the transform of the random variable W is

MW(S):MX(S)MY(S)

AL

=e
 From the transform of W , we can conclude that W also is

normal with mean «, + x«, and variance ol + ai
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Tables of Transforms (1/2)

Transforms for Common Discrete Random Variables

Bernoulli(p)

px (k) = {p. if k

I
=

1 ._ P if ,I__* ﬂ'"'l-r_“:{"‘-::' =1— i _|_p<?.s:_

Binomial(n, p)

px(k) = (E)p“{l —p)—k  k=0,1,...,mn.

i’ll-'fd‘\" |:‘5::| = |:1 —p —+ }:'f-"""::lﬂ .

Geometric(p)
. pe*
px(k)=p(l —p)k-1, k=1,2,... Mx(s) = .
Poisson(A)
e—A Mk _ -
px k) = TS kE=0,1,... My (8) = erMe"—1),
Uniformia, i)
' 'fﬁﬂ—; k=a,a+1 b
PxX\®) = g "as1 o
e s glb—a+1)s _ 1

Mx(s) = b—a—+1 es — 1
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Tables of Transforms (2/2)

Transforms for Common Continuous Random Variables

Uniform(a, b)

1 1 esb—esa
r)= ] < x<b. Mx(s) = ‘
fx(@)=p—, asz< x(8) = 3————
Exponential(\)
A
fx(x) =Xe =, x>0 ﬂfX(s):/\ (s > A)
— 8
Normal( /., 02)
1 (N2 /9,2 ] ".Sg—i—m
fx(x) = /,2_6-' (z—p)"/20% _o00 <z < 00. Mx (s) =e 2 THS,
TN 2T
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Recitation

« SECTION 4.1 Transforms
— Problems 2,4,5,7, 8
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