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Two-step approach to Calculating Derived PDF

e (Calculate the PDF of a Function Y = g(X) of a continuous
random variable x

1. Calculate the CDF fy of Y using the formula

Fy(y)=P(g(X)< y)= Jxlg ()t Fx (06 e

2. Differentiate to obtain the PDF (called the derived distribution) of Y

dl'y (y)
dy

fY(Y):
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lllustrative Examples (1/2)

« Example 3.20. Let x be uniform on [0, 1]. Find the PDF
of Y =4/ X .Note that Y takes values between 0 and 1.

Fy(y)=P(r <y)=PX <y)=Plx <y?)=)?

dF
fy(y)=§—y(y)=2y, 0<y=<l

Iy (x) 4 fr(v) 4

—

1

Probability-Berlin Chen 3



lllustrative Examples (2/2)

+ Example 3.22. Let Y = X 2, where X is a random
variable with known PDF fy (x). Find the PDF of Y
represented in terms of fy (x).
For any y > 0, we have
Fy(v)=P(r<y)=px><y)
oy x )
:FX(\/;)—FX(—\E)
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The PDF of a Linear Function of a Random Variable

e Let X be a continuous random variable with PDF f x (x)

and let
Y =aX + b,

forsome scalar g #(0 and b . Then,

a>0, b>0
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The PDF of a Linear Function of a Random Variable (1/2)

* Verification of the above formula

Fy(y)=P(Y <y)=PlaX +b<y) (i) For a < 0
(i) Fora >0 FY(y):P(XZy_b :1_FX(y_—bj
FY(J’):P(X y—_bj:FX y—_bJ * ; ba
ar. [ Y=L gl ¥=0 (») dFXLy_ j d(yc_z j_ 1 . (y-b
= 1,(y)= X( ) j_lf (y—b) = fr)=- J y—bj Ay __;fX(—j
o ()= . == | 22
d(y—bj dy a
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lllustrative Examples (1/2)

 Example 3.23. A linear function of an exponential
random variable.
— Suppose that X is an exponential random variable with PDF

—Ax .
fX(x):{le R leZO,

0, otherwise.

« where 1 is a positive parameter. Let ¥ = aX + b . Then,

fY(y):<

ﬁzeﬁ(yb)/a, if (y=b)/a>0,
a
0, otherwise.

\
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lllustrative Examples (2/2)

« Example 3.24. A linear function of a normal random
variable is normal.

— Suppose that X is a normal random variable with mean u

and variance o>,

G

x)= e 207 |
— Andlet Y =aX +b ,where ¢ and h are some scalars. We

h _
ave fY()’):LfX(Qj
a] a

( y—b_ﬂj2 .. Y 1s also a normal random variable

a . .
1 1 s with mean au + b and variance a’c?

— 20
‘a‘ N2 o )

-0 < x <

_(y=(b+ap)y

= e , <
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Monotonic Functions of a Random Variable (1/4)

Let X be a continuous random variable and have values
in a certain interval I (fy(x)=0 forxe /). While
random variable Y = g(X) and we assume that g is
strictly monotonic over the interval 7 . That is, either
(1) g(x)< g(x’) forall x,x" e, satisfying x<x’

(monotonically increasing case), or

(2) g(X)> g(X') forall x,x' €l ,satisfying x<x'

(monotonically decreasing case)
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Monotonic Functions of a Random Variable (2/4)

« Suppose that £ is monotonic and that for some function
h andall x intherange [/ of X we have

y =g(x)

— For example,

y=glx)=

ifmﬂoﬂyﬁx=h00

ax + b

—

—

_b
x=h00=ya
1
x=h00=1§i
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Monotonic Functions of a Random Variable (3/4)

dh(y)
— Assume that /1 has first derivative gy - Then the PDF

of Y intheregionwhere fy (y)> 0 is given by

fr(y)= fX(h(y))‘—

* For the monotonically increasing case

Fy(y)=P(g(X)< y)=P(X <h(y))= Fx (h(y))

-

= fy )= )
_dFy(h(y)) _ dFx(n(y)) dh(y)
______ dy  dny)  dy
| dh | dh(y) | pae
L
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Monotonic Functions of a Random Variable (4/4)

« For the monotonically decreasing case

INA

y)=P(X 2 h(y))=1-Fx (h(y))

Fy(v)=P(g(X)

Y

hiy) - X
Event {X >h(Y)}
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lllustrative Examples (1/5)

« Example 3.25. Let Y = g(X): X?  where X is a
continuous uniform random variable in the interval (0, 1].
— Whatis the PDF of )V ?
 Within this interval,

s h(y)=y

We have
fx (x):l

for all

g is strictly monotonic, and its inverse

0<x<1

and g(X )being strictly increasing

—

fx (\/;): 1,

fY(y):

dh (y)
dy

fx (\/;):

N\

for all 0 < y <1
——, if ye(0,1]

0, otherwise
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lllustrative Examples (2/5)

Example 3.26. Let X and Y be independent random
variables that are uniformly distributed on the interval [0,
1], respectively. What is the PDF of the random variable

Z = max {X,Y}

F,(z)=P(max {X,Y}< z)
=P(X <z,Y<z)
=P(Y <z)P(Y < z)

2
=z

7 ( ) 22z, 1f 0<z<1
z)=
‘ 0, otherwise
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lllustrative Examples (3/9)

 Example 3.27. Let X and Y be independent random
variables that are uniformly distributed on the interval [0,
1]. What is the PDF of the random variable Z =Y / X

Yy A

"+ X,Y areindependent

fX,Y(xay): fX(x) Y(J/): 1,
forallx,y, 0<x,y<1

F,(z)=P(Y /X < z)
(2/2, if 0<z<1

=1-(1/2z), ifz>1 =) fz(z)=

1 1 il /
Slope z
\ Slope|z
N

0 X 0 1 X
(1/2, if0<z<1
1/(222) if z>1

otherwise

0, otherwise
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lllustrative Examples (4/5)

 Extra Example. Let X and Y be independent random
variables that are uniformly distributed on the interval [0,
1], respectively. What is the PDF of the random variable

Z = XY ol

1
\Z
I z=xv

1 X

= for 0 < z <1,
for 0 <z<1

F,(z)=P(XY <z) f7(z)=1nz

z el e For example,
= ’ d d + )C D) d d
L)ijj(x,y)}’x .Li)f}y(x.y)}’x F}@jS):;P(XY’SI/S)

(avaz +[ Za 1 1.1 1 3
_Iojo yZ+L; r =———In—=—+=In?2
$ 8 8 8 8

:z+zmxﬁ
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lllustrative Examples (5/5)

« Example 3.27. Let X and Y be independent random
variables that are exponential distributed with parameter /1 .
What isythe PDF of the random variable Z = X —Y

for z>0
F,(z)=P(X -Y <2z)

- J:O J‘Oy” fx,y (X, y)dxdy
=[], e e dvdy

T - 1
:Iowle—iy(J‘oyﬂie_;,dejdy fZ(Z):Eel - "U(J‘Oy+zﬂ,e_lxdx de fZ(Z) 26
=J.:le%y(— e%x‘gﬁ)dy

o0 o0 1 0
_ —Ay _ —Az -2y - _ - Az -2y
—IO Ae “dy J.O e “le " dy . J:Z2/1€ dy

= for z > 0,
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Recitation

« SECTION 3.6 Derived Functions
— Problems 30, 31, 36, 38, 39
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