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Introduction (1/3)

« (Goal: discover significant patterns or features from the

Input data

— Salient feature selection or dimensionality reduction

X

>

Input space

Network
w

>y

Feature space

— Compute an input-output mapping based on some desirable

properties
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Introduction (2/3)

* Principal Component Analysis (PCA)

« Linear Discriminant Analysis (LDA)

« Latent Semantic Analysis (LSA)
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Bivariate Random Variables

« |If the random variables X and Y have a certain joint
distribution that describes a bivariate random variable

7 = X bivariate random variable
Y
= Uy = ’UX} mean vector
My

Oxx Oxy
— ZZ —

covariance matrix
' Oxy Oyy

variance oy y =0y = E[(X - E[X])2]= E[X2 ]— (E[x ]y
covariance oy y = oy y = E[(X —E[X](Y - E[Y])|=E[XY]-E[X [E[Y]
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Multivariate Random Variables

« If the random variables X,,X,,...,X,, have a certain joint
distribution that describes a multivariate random variable

Xl
X=|: multivariate random variable
_Xn_
Hx,

= Uy =| mean vector

_ILlX”_

OXx.X, OXx.X, _ _
=X, = 5 : covariance matrix

Xn9X1 UXnaXn_

variance oy y = c;}(i = E[(Xl- ~E[X; ])2]2 E[Xi2 ]— (E[X; ])2

covariance oy, y, =0y x. = E|(x, ~E[X, )X, E[x )|=E[x,x, |- ELx, JE[x ]

J
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Introduction (3/3)

* Formulation for feature extraction and dimension reduction
— Model-free (nonparametric)
 Without prior information: e.g., PCA
 With prior information: e.g., LDA

— Model-dependent (parametric), e.g.,
« HLDA with Gaussian cluster distributions
 PLSA with multinomial latent cluster distributions

X2

FIGURE 4.6. Projection of samples onto a line.
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Principal Component Analysis (PCA) (1/2)

Pearson, 1901

Known as Karhunen-Loéve Transform (1947, 1963)
— Or Hotelling Transform (1933)

A standard technique commonly used for data reduction in
statistical pattern recognition and signal processing

A transform by which the data set can be represented by
reduced number of effective features and still retain the
most intrinsic information content

— A small set of features to be found to represent the data samples
accurately

” 13

Also called “Subspace Decomposition”, “Factor Analysis” ..
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Principal Component Analysis (PCA) (2/2)

)
8 -
_ The patterns show
) a significant difference
R I R 1 M from each other in one
bﬂ%&n S R of the transformed axes
B\ \‘;.‘:‘-3;‘.',,‘1::;" b ] ' P
4 -
1
2 I
' 0 B0 15 g et B e e T T

FIGURE 8.4 A cloud of data points is shown in two dimensions, and the
density plots formed by projecting this cloud onto each of two axes, 1 and 2,
are indicated. The projection onto axis 1 has maximum variance, and clearly
shows the bimodal, or clustered character of the data.
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PCA Derivations (1/13)

e Suppose x is an n-dimensional zero mean
random vector, 4 = E{x}=0 ,‘

— If x is not zero-mean, we can subtract the mean %
before processing the following analysis

— X can be represented without error by the summation
of n linearly independent vectors

X = Z yl¢l — ¢y where y=[y1 - Vi yn]T

t=i = ®=[p, . 0o, . 9,]
The i-th component — _

in the feature (mapped) space

~

The basis vectors
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PCA Derivations (2/13)

Subspace Decomposition

orthogonal basis sets
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PCA Derivations (3/13)

— Further assume the column (basis) vectors of
the matrix @ form an orthonormal set
. 1 if i=
¢f’”f_{o i Qo
« Such that y,; is equal to the projection
of x on ¢,
T

v, Yi:xT¢i:§0ix

T
7

T
yi = [xleos 0, = x| =9, x

<l |

, Where ||qo1 || =1
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PCA Derivations (4/13)

— Further assume the column (basis) vectors of the
matrix @ form an orthonormal set S v
2 = E{(x ,u)(x ,u_)T}

« y, also has the following properties ( i ¥ T] -
. — X Xx;x; |—up’ )
—Its mean is zero, too = N
1
E{y,j=E{p/x}= 0/ E{x}=9p70=0 R:E{xxT}zﬁinxiT

-

Q

~

— Its variance is

o? =k |- [EDIF = B2 = Elpfxerg )= o ElxxT g,

=@’ Ry, [R is the (auto-)corelationmatrix of x]

The correlation between two projections ) ;and ) ;

° E{yiyj}= E{(wfx)(ﬂo?x)r }Z E{f”iTxxT"’f}

=9l E{xx"}p, = 9/ R,
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PCA Derivations (5/13)

 Minimum Mean-Squared Error Criterion

— We want to choose only mof @ 'S that we still can
approximate x well in mean-squared error criterion

original vector X = Zf:yl-(ﬂi = gyl.qoi + Z V. (0]

=1 j=m+1

m
reconstructed vector x (m ) = Z yi¢i

)= B () o - 2N T
= E{ XS yveles }
Ely. }=0 jemtlk=m et " : We should )
< n 2} ) . 1 if j=k discard the
ol-ep-[leh, ) = j:%HE Y B AL _{ bases where the

projections have
lower variancev
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PCA Derivations (6/13)

* Minimum Mean-Squared Error Criterion

— If the orthonormal (basis) set @ ;'S is selected to be the
eigenvectors of the correlation matrix R , associated with
eigenvalues A4 's

« They will have the property that:

is real and symmetric,
therefore its eigenvectors
R form a orthonormal set

Ry, = 4,9,

R is positive definite ( x"Rx >0)
=> all eigenvalues are positive

— Such that the mean-squared error mentioned above will be

j=m+1 7

n T T no
= X 0iRe; = X ek, = XA
j=m+1 j=m+1 j=m+1 7
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PCA Derivations (7/13)

* Minimum Mean-Squared Error Criterion

— If the eigenvectors are retained associated with the m largest
eigenvalues, the mean-squared error will be

& igenlM) = 5 A; (whered >..2 2, >..24,20)
Jj=m+1

— Any two projections } ;and Y ; will be mutually uncorrelated
Z=E[(x—p)fx—p)]

E{yiyj}: E{((oiTqu”JT'x)T }: E{(DiTxqu)j} “(%%xixfj—ﬂf
S
—p Bl =9l Rp, = 2ipTp, =0 T

_0'11 e O-ln_
T . On O -
« Good news for most statistical modeling approaches .
— Gaussians and diagonal matrices '
On On2 a
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PCA Derivations (8/13)

* A Two-dimensional Example of Principle Component
Analysis

P
2
X ¢1
Win o o ey v s Saiie == woiae e
y2 ”’, I \)A(
//’/ I >
m2 _________ /H/__ ﬁz f A
- |
’/, I\ ] \l\
- =] ™ :
- oA :
- |
Yo ! |
|
b2 " :
|
|
! 1 4>x1
m1 X.'
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PCA Derivations (9/13)

* Minimum Mean-Squared Error Criterion

— It can be proved that ¢ (m) Is the optimal solution under the

eigen

mean-squared error criterion (1 if =k
S , %_{o if j#k
N . To be minimized Constraints
Objective function .
Define: J= 3 ¢TRp,— 5 % u,lolo—5,)  L2=ar
) ) .. J=m+1 j=m+lk=m+1
Partial Differentiation

aJ n
= Vi< j<n 8_ =2Rgp; - 2k_2 1 Uy, =0 (where uJT = [uj miteeset iy )
. =m+
— vm+1£j£n R(”] = ¢n—muj (Where ¢n—m = [¢m+l”"‘¢n ])

— R[¢m+1 ""¢n] — ¢n—m [um+1 ""‘un]
>R®, =D U (where U, B = [um Lpeeeedld, ])

n—m-— n—m

Have a particular solution if Un_m is a diagonal matrix and its diagonal elements
is the eigenvalues 4,,,;,...4, of R and @19, is their corresponding eigenvectors
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PCA Derivations (10/13)

* Given an input vector x with dimension m

— Try to construct a linear transform @’( @’is an nxm matrix m<n)
such that the truncation result, @’"x, is optimal in mean-
squared error criterion

% _)’1_

& Encoder y=®'"x Y2

X=| - N o | > )
| /where &' =[g0,..0,] |

_x"_ _ym

) =@y .
e ~., Decoder ™
y=| . T " xX=|.
il’l

A -

minimize E_ ((fc—x)T (fc—x))
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PCA Derivations (11/13)

« Data compression in communication

Communication

Transmitter channel Receiver
A
X Yiroaan¥ m X
> Yi=¢iTX ] LU _21yi¢i —
I=
01 Om 01 Om

— PCA is an optimal transform for signal representation and
dimensional reduction, but not necessary for classification tasks,
such as speech recognition ? (To be discussed later on)

— PCA needs no prior information (e.g. class distributions of output
information) of the sample patterns

Statistics-19



PCA Derivations (12/13)

« Scree Graph
— The plot of variance as a function of the number of eigenvectors

kept A+ 4+ A,
- Select m suchthat 4 +4 +-+4 +--+4,

> Threshold

Eigenv:

» Or select those eigenvectors with eigenvalues larger than the
average input variance (average eivgenvalue)

PR

n i=1
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PCA Derivations (13/13)

« PCA finds a linear transform W such that the sum of
average between-class variation and average within-
class variation is maximal

J(W):‘f‘z‘fw+§b

-wiswws,Ww

§ =% (x, - Fx, - 7
l sample index

5oLy,
J

" class index
S, = %; N,(x -%)x, -x)

Try toshow that:
S=S +S,
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PCA Examples: Data Analysis

« Example 1: principal components of some data points

Smallest Principal
Component

Sp Statistics-22



PCA Examples: Feature Transformation

« Example 2: feature transformation and selection

TABLE 3.2 The correlation matrix for Iris data

Correlation matrix Feature 1 Feature 2 Feature 3 Feature 4
for old feature Feature 1 1.0000 —0.1094 0.8718 0.8180
i . Feature 2 0.1094 1.0000 —0.4205 —0.3565
dimensions Feature 3 0.8718 —0.4205 1.0000 0.9628
Feature 4 0.8180

—0.3565 0.9628 1.0000

TABLE 3.3

The eigenvalues for

Iris data

New feature dlmenslons |—-'L1-.-:'L|_”~L'\ Eigcnvu]uc
Feature 1 2.91082
Feature 2 092122
Feature 3 0.14735
Feature 4 0.02061

R = (2.91082 + 0.92122)/(2.91082 + 0.92122

= 0.958 > .95
~

+0.14735 + 0.02061)

threshold for information content reserved
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PCA Examples: Image Coding (1/2)

« Example 3: Image Coding

__I\__‘

Original image

256< ot

(a)

256

;P_ Statistics-24



PCA Examples: Image Coding (2/2)

« Example 3: Image Coding (cont.)

Using first 8 components (feature reduction) 15 to 1 compression (value reduction)

(© (d)

FIGURE 8.9 (a) An image of parents used in the image coding
experiment. (b) 8 X 8 masks representing the synaptic weights learned
by the GHA. (c) Reconstructed image of parents obtained using the dom-
inant 8 principal components without quantization. (d) Reconstructed
image of parents with 15 to 1 compression ratio using quantization.

;P_ Statistics-25



PCA Examples: Eigenface (1/4)

« Example 4: Eigenface in face recognition (turk and Pentiand, 1991)

— Consider an individual image to be a linear combination of a small
number of face components or “eigenfaces” derived from a set of
reference images ET N ES En

X X X

1.2 2.2 L.2

X, = . Lx, = R IS X, =

— Steps ) ) )
« Convert each of the L reference images into a vector of
floating point numbers representing light intensity in each pixel

» Calculate the coverance/correlation matrix between these
reference vectors

* Apply Principal Component Analysis (PCA) find the
eigenvectors of the matrix: the eigenfaces

» Besides, the vector obtained by averaging all images are
called “eigenface 0”. The other eigenfaces from “eigenface 1”
onwards model the variations from this average face
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PCA Examples: Eigenface (2/4)

« Example 4: Eigenface in face recognition (cont.)
— Steps

* Then the faces are then represented as eigenvoice 0 plus a
linear combination of the remain K (K <L) eigenfaces

— The Eigenface approach persists the minimum mean-squared
error criterion

— Incidentally, the eigenfaces are not only themselves usually
plausible faces, but also directions of variations between faces

X, =X+ wl.jle(l)+ wijze(2)+ ..... + wl.,Ke(K)

Feature vector of a person /

Sp Statistics-27



PCA Examples: Eigenface (3/4)

Face |mages as the training set

The averaged face
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PCA Examples: Eigenface (4/4)

Seven elenfaces derived from the training set A projected face image

I - P —— n S
i - y "51 - . o
L ; P—F L ! T d 5 B
LR T T s il .
e, o 1 . ' = - Y
2 e - s & .
& i ’ i .q!_ el a —l
::" al . 3

(Indicate directions of variations between faces )
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PCA Examples: Eigenvoice (1/3)

 Example 5: Eigenvoice in speaker adaptation estL, 2000)

— Steps

« Concatenating the regarded parameters for each speaker r to
form a huge vector a” (a supervectors)

« SD HMM model mean parameters (u)

Speaker 1 Data

Model Tralnlng

Speaker 1 HMM

_________

Speaker R Data
SI HMM

Model Tralnlng

Speaker R HMM

Eigenvoice
space
construction

Each new speaker S is represented
by a point P in K-space

P =e(?)+w,le(l)+m,2e(2)+ ----- +w, ¢(K)

S| HMM model

Principal Component
§ Analysis

____________________________________________________________________
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PCA Examples: Eigenvoice (2/3)

« Example 4: Eigenvoice in speaker adaptation (cont.)

| OFFLINESTEPS | [ 7T T ONLINESTEPS ~ ~ |
| |
i L :
! | Train SD models for R : b | Data from new speaker I
i | speakers (+ 1 SI model) A ]+ eigenvoices + SI model :
: 1 |
I ) | |
] ¥ I | ¥y |
i I I |
; From SD models, get I‘ £ Estimate K weights: '
| R supervectors | | w(l), w(2), ..., w(K) |
| 18t :
: | IS t
Construct supervector
| ! pe:
| e Apply DRTtogetR | || &) for new speaker: |
| genvectors (eigenvoices): | || E|, |
. e(0), ef1), ..., e(R-1) | 2| (oW eI AWK)eK)| |
: 18 |
! ; ' ¥y l
| ! | !
| ) |
I | Keep first K+1 eigenvoices: | | JI_ Adapted model for :
: e(), e(l), ... elK) | 1|' new speaker M
1
Fig. 1. Block diagram for eigenvoice speaker adaptation
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PCA Examples: Eigenvoice (3/3)

« Example 5: Eigenvoice in speaker adaptation (cont.)
— Dimension 1 (eigenvoice 1):
« Correlate with pitch or sex
— Dimension 2 (eigenvoice 2):
« Correlate with amplitude
— Dimension 3 (eigenvoice 3):

* Correlate with second-formant
movement :

dim 2 value
8 & & &

B & 8 8 5 - %

Note that:
Eigenface performs on feature space
while eigenvoice performs

M pp

on model space u

HE
=
g

oo o0 800 900 1000 1100 1200 1300 1400 1500
Fl(start)}-F2(end) in Hz.

Fig. 4. Dimension 3 versus F2(start)y F2(end) for “U."" extreme AL and F in
cach speaker set
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Linear Discriminant Analysis (LDA) (1/2)

 Also called

— Fisher’s Linear Discriminant Analysis, Fisher-Rao Linear
Discriminant Analysis

» Fisher (1936): introduced it for two-class classification

* Rao (1965): extended it to handle multiple-class classification

Sp Statistics-33



Linear Discriminant Analysis (LDA) (2/2)

« Given a set of sample vectors with labeled (class)
iInformation, try to find a linear transform W such that the
ratio of average between-class variation over average
within-class variation is maximal

) x2: weight Within-class distributions are
assumed here to be Gaussians
With equal variance in the

two-dimensional sample space

FEMALE

\
A Xq e ight
‘\\/ 1 eg

Fig. 10-1 An example of feature extraction for classification.
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LDA Derivations (1/4)

Suppose there are N sample vectors x . with
dimensionality n, each of them is belongs to one of the J
classes g(xl.): Jj, JE€ {1 2,.. J} g(-)is class index
— The sample mean is: 1_2N

N i=1

— 1
— The class sample means are:. x, = — > x|
N j ¢ (x;)=J

— The class sample covariances are: x, - NL (z)__(xl. ~%, ), -x,

J

X =

— The average within-class variation before transform

|
S :VZNJZJ
J

w

— The average between-class variation before transform

S, = %;Nj(fj ~x)\x,-xf

Statistics-35



LDA Derivations (2/4)

o Ifthe transform W =[w,w,..w, | is applied
— The sample vectors willbe y, =W ' x,
: S O e r( 1 N T—
— The sample mean willbe y = VEW x =W ﬁax" =W ' x

L y Wix =W X,

— The class sample means willbe ¥, = N (D
j g\X;i )=J

— The average within-class variation will be
1 1 '
gw =—2XN,y— X 'x, — % WTxl.) Wix — % WTxl)
N J N; elxi)= g(x; )= ;e )=y
r) 1 X v
W {-;szj W  w 3’
— WTSWW SW m SW
S, S
Statistics-36




LDA Derivations (3/4)

 Ifthe transform w =|w,w,..w | is applied
— Similarly, the average between-class variation will be

S, =w's,w
— Try to find optimal W such that the following objective function is
maximized ~
S| sl
JW )= 15 =

5. s

* A closed-form solution: the column vectors of an optimal matrix
W are the generalized eigenvectors corresponding to the

largest eigenvalues in
Je5E9 Sw =485 w,

* Thatis, wi'S are the eigenvectors corresponding to the
largest eigenvalues of S°'S
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LDA Derivations (4/4)

Proof: determinant
"I/f/—ar maxJ(W) argmax —— ‘Sb‘ =ar maxM
. gW gW ‘ W‘ g ‘WTS W‘

Or equivalently, for each column vector w; of W,we want to find that :

wiS,w, (FJ, _FG-GF
The gradtic form has optimal solution : 1, = — . ¢
wiS,w,
0/, 2Sbwi(wTS w-) 28 w(wTSbwi)
= —= ‘ ‘ =0 d (x"Cx)
ow, (wTS w)z : =(c+C”
X
Sb (wTSw) Sw(TSb )
( TS w)z ( TS w)z
Sbwi _ Swwz ﬂ, 0 |21 = wfsbwi
wiSw, wiS.w, ' i_wiTSWwi

=>8w,-AS w,=0= 8w =145 w

1w

= SIS,w, = Aw,

Statistics-38



LDA Examples: Feature Transformation (1/2)

 Example1: Experiments on Speech Signal Processing

Covariance Matrix of the 18-Mel-filter-bank vectors Covariance Matrix of the 18-cepstral vectors

15
20 20

Calculated using Year-99's 5471 files Calculated using Year-99's 5471 files
Z- 2 (x - %x, %) SRS
=y & XX =X X=—3(y, -¥)y.-)
N X; N Yi

After Cosine Transform
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LDA Examples: Feature Transformation (2/2)

« Example1: Experiments on Speech Signal Processing (cont.)

Covariance Matrix of the 18-PCA-cepstral vectors Covariance Matrix of the 18-LDA-cepstral vectors

15
20 20

0 0

Calculated using Year-99's 5471 files Calculated using Year-99's 5471 files
After PCA Transform Character Error Rate After LDA Transform
TC WG
MFCC 26.32 22.71
LDA-1 23.12 20.17
LDA-2 23.11 20.11
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PCA vs. LDA (1/2)

PCA LDA

{

Figure 4.9: Although the line joining the centroids
defines the direction of greatest centroid spread, the
projected data overlap because of the covariance (left
panel). The discriminant direction minimizes this
overlap for Gaussian data (right panel).
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Heteroscedastic Discriminant Analysis (HDA)

 HDA: Heteroscedastic Discriminant Analysis
— The difference in the projections obtained from LDA and HDA for

2-class case
,\" Xl
LLDA
> -

L ]
] Classification error
ol X

fig. 1. Difference between LDA and HIDA.L

« Clearly, the HDA provides a much lower classification
error than LDA theoretically

— However, most statistical modeling approaches assume data
samples are Gaussian and have diagonal covariance matrices

HDA
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HW: Feature Transformation (1/4)

* Given two data sets ( , ) in which

each row is a sample with 39 features, please perform
the following operations:

1. Merge these two data sets and find/plot the covariance matrix for
the merged data set.

2. Apply PCA and LDA transformations to the merged data set,
respectively. Also, find/plot the covariance matrices for
transformations, respectively. Describe the phenomena that you
have observed.

3. Use the first two principal components of PCA as well as the first
two eigenvectors of LDA to represent the merged data set.
Selectively plot portions of samples from MaleData and
FemaleData, respectively. Describe the phenomena that you
have observed.
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HW: Feature Transformation (2/4)

MO MD AT DD DD DD D0 D0 D0 00 OO0 00 00 00 00 D0 WD WD D0 WD WD WD WD WD WD WD WD AT WD 00 =d =0 T =d = T T =3 TR =3 =3 T T T TRy

A3
BO91E
41962

#6333

C2E548
ey
31627
V3663
CBTE33
L B5021
22140
04571
40108
(03983
45447
95152
28539
(25284
48814
24510
V37856

10574

C25266
31944
247035
35116
CB5363
06311
.o9108
BE112
956851
95144

93441

74380
L B67131

f0004

57503
L7554
31064

75264

69611
. GE044

59695

V21813
45242
(16915

B394
CBE9TE
13804
00564
13456
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09834
13543
J3E132
63767
02353
34592
G206
61402
744521
10. 14082
10.41164
10.39935
10.57697
10.53408
10,5637
10.36234
10.39592
10.22634
10.33093
10. 40006
10. 22952
10. 24851
10.14237
10.11202
10.17607
10.114646
9. 9074
995325
9.§1090
990337
9.97730
9. 9§532
9. 97845
9.97322
9.919380
9. 92636
9.95619

[== = P . R R L R s s s P N |

06837
54337
LBATEY

(23428
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44018

JB2116
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(06266
31400 9.

17471

0410
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2.07M5
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1.76434
1.70%41
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33426
41650
35758
28811
39494
4028
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25107
20994
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1
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i
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i
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36502
15614
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R
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17.03047
13.02590
12,9796
12, 90967
12, 92593
12.93M7
12.94507
12, 92688
12. 84603
1279640
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12 61443

12, 50804

12 46365

1237457

12 22883

12.01617

11 85436

1153580

11.35521

1161208

12 34665

i
i
i
il
g
i
i
i
i
i
9
i
i
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28663
41962
29559
.11617
45112
95966

15344
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(48361
04546
. B4544
L B0033
09658

9.13144
9.19930
9.74308
9.41083
924918
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9.18233
9.36655
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9. 458666
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4.49708
16473 838358
11.710543 12,
12 28251 13,
12.33200 13,
1227252 12,
12.26131 12,
12.33346 12,
12.30543 12,
12.34146 12,
12.20640 12,
12.19729 12,
1226836 132,
12.32025 12,
12.31955 12,
12,2472 12,
12.17904 13,
1222833 13,
1222427 13,
12.18141 13.3
1193665 13.1
11.737346 12.9
11.65101 12.5
11.38133 12.1
1091319 11.9
1o, 7862 11.9
10,5690 11.9
103718 118
10. 79860 12.0
1184855 12.5

9. 15820
G 97876
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944752
933575
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1

9. 66250
9.95110
9.63974
9. 356356
985976
9. 50981
9. 73854

49259 11.
02052 12.
04259 12,
92096 12,
Ga%d4d 11,
79591 11.
79777 11.
79751 11.
68950 11.
3TE5T 11
39967 11.
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16742 11,
G5326 11.
02281 12,
30465 12,
43013 12,

6H6 13,
0813 13,
2556 13,
5219 13,
4903 13,
1303 13,
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240 13,
G766 13,
163G 13,
683G 13,

9.02314
§. 84358
§. 69061
9.21923
9.05005
§. 59329
a.0718%

53536
61122
VFETE3
10503
T2
40213
9. 70255

MO MO MDD MDA

22348 11

29571 11
29477 11

7436 11

7307411

92754 11
95640 11
22743 11
69674 11
249300 11.
12180 11
35141 11.
G5668 12.
91458 12.
53391 12,
51339 132,
39718 13,
646TE 13,
57117 12,
56636 12.
4129 12.

92901 10,
16224 10.

01746 11.

G2454 11.

62655 10.
35529 100

21195 11.

0644
1L

L23610

LSET7E3

9

9

9
9.3553
9
9.0z
9.

76543
g7608
L26230
10978
09574
258390
11023
L2570
97845
4530
07363
12610
29551
03245
03697
08070
03693

24372

376746
05668
54423
64970
A6567
01747
00639
64617
68611
87108

T 9.54492 9 64417 9.38730 9.54539 966743 996106 10.31767 10.27343 10.35346

9 9. 38632 918760 9.15817 9.67301 9. 86622 9. 86302 10.19308 10.28680 1020368

9.54403 961080 990144 9 54137 9.67632 10.17666 1010185 10.39783 1013437

6 9.64052 9.41545 9.71079 9.61674 972490 10.12627 10.2045% 10. 63373 1043855

9.95788 9.81818 9.76883 992221 9.54083 10.19516 10.26957 10.47222 10 41586

6 10.11613 9. 69935 9 83229 9.77133 998693 10 22365 10.27461 10.28110 10.23929
45562 9.95253 2.47215 930156 9. §3541 10.03101 10.1713% 10.19%846 10.513533 10.47493
0.11023 9. 50357 942500 9. 86274 9.40006 9. 87766 2.84763 1017596 1002767 1044857 10.36439 10.135492
9.65095 974985 10.11605 9.96093 9.84636 9.97311 10.06228 10.27342 10.5%408 10.49595
9.05134 9.69155 9.96955 9.62820 9.90362 9.76047 1036104 10 26381 10.40579 10, 29332

9.19456 10.16187 9. 64667 10.10419 9. 88623 9.73151 9.99944 10 25832 10.48060 10.30917
936017 9.99317 950267 990495 10.22401 10.21169 9.93052 10.1305% 10.43741 10.29127
963326 975391 946737 9.T8288 10.33103 10.25947 1010942 10.33977 10. 69843 10.61361
962871 9.36644 9 60002 993724 10.11084 10.38737 10.29060 1029727 10. 63062 10. 87061
1006008 10.47637 995790 9
28769 10.54797 10.
a0156 10.51851 10.
57341 10.58302 10.
71202 10.435176 10.
60223 1062066 10.
39781 10.41142 10.
9.95303 1023726 10.21457 11.65016 12.73013 12, 79919 11.44790 10.15221 11.24570 12.17819
10.06590 10.16289 11.56145 12.79790 12, 92117 1165415 11.04553 11.50033 12.03395
1025551 10.07726 11.59147 1275670 1287878 11.58397 10.53411 11.23495 11.52416
999572 10.02343 11.44121 12.66732 12.83391 11.41223 10.18042 11.05130 11. 66360

10.
10.
10.
10.

10.
10.

26222
14909
L3612
LAE29
04632
L6497
28064
28548
L18233

LB77592

J1a7a1
. B49E2
03708
45110
92921
40161
50466
. 59074
11702
. Bo6TL

25929

TE7
36336
51198
49196
20901
69532
29753

18327
CB2128
. G4690
.amaoz
ELErE
Rk
L61179

10,2081
12.31064
12.09367
1265599
12.56191
12552949
1278901

1072976
12368622
1219662
12.76191
1274920
12, 58644
12, 62834

10. 63497
11.068099
11. 56034
1154582
11.53024
11.41020
11.534849

10.38190 10.02016 11.40167 12. 67601 12.83032 11 48316

974522 9. 84040 1160561 12.81711 12.83019 11.85117 9.

10,6713 10063306 11.72299 12.74011 1289174 1178875
1024957 10.27929 11.71948 12. 71321 12, 65492 11.41932
10,1728 10.02944 11 64224 1281149 1283681 1166230
10,1787 10.25474 11.54306 12.74126 12, 82745 1166595
1059266 10.27216 11.53677 12, 73266 12, 845245 11.53395

21561
12457
91234
L5650
17645
14268
12553
15314
51724
L0132

. 86958

L S4444
L B6934
01314
L B20386
20951
REEkTE
L26017
01281
04957
51101

L 52E6ed

48001
L6744
. 93650
L BR225
04259
471594

1290903
12,8397
12.50144
11.64936
10. 90964
10.34624

12, 92089
1257063
12.07M413
11.56170
11.06990
10.29207

11.51464 11.14149 11.56695 11.34264
10. 68780 1036625 11.23385 11. 63968
1067163 10.11630 1095211 11.41643
10.11295 10.03426 1044666 11.15139
1009582 9.93701 10.45472 1065229
972180 %.70781 1020271 10.23637
C2de60 995529 1016539 %.91504 9. 86163 10.05372 10.10832
L2642 1030719 983591 9.89533 9.63011 10.18799 10.07413
00606 9. 78021 10.02160 10.04367 9.96540 10.08655 9. 99362
JZ6009 9.94354 10.01544 10.24593 10.05090 10.04164 1039702
J20175 11.33119 11.15635 10.20941 10.02565 10.47241 11.27322
10.07835 11.23133 12.52400 12.180658 12.63421 14.01153 13135048 11.75338 11.6%041 11.44919 11. 91691 12.59030 12.06384 10 28150 10. 16722 10. 63046 11 66016
983172 1099231 1237461 12.37894 12.67601 14 08033 13 31300 11.6349% 11357646 11.20036 1172327 12.59090 12.73404 11.21351 10, 39487 11.06791 11.73133
9. 38694 1078770 1323333 1246109 1279259 14 14283 1342151 11. 66966 11.350560 11.17019 11.80490 12.45519 13 23833 11.71481 10.32775 10. 48164 11.30554

10. 65275
10. 52101
10.36679
1047776
10. 50126
10, 96138
1026693

1023896

94210 11.

10. 96543
1022840
1022197
10. 67840
10. 62605

11.12336

10.49665 10, 62346
10713642 11 23687
11.17M009 12.07101
1148792 12.38682
11,5433 12.39193
11.59377 1248711

11.00932 11.60363
10972 11, 990467

11. 26600 11.75640
10.686876 11.48627
11.06236 11 69995
11. 268033 11.46947
11.29321 11.768728
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HW: Feature Transformation (3/4)

 Plot Covariance Matrix

CoVar=][
3.0 0.5 04
0.9 6.3 0.2
0.4 04 4.2
I
colormap('default');
surf(CoVar);

» Eigen Decomposition

BE=]
3.0 35 1.4;
1.9 6.3 2.2
2.4 04 4.2

I;

WE

4.0 41 2.1,
29 8.7 3.5
4.4 3.2 43;

%LDA
IWI=inv(WI);
A=IWI*BE;
%PCA

A=BE+WI; % why ?? ( Prove it! )

[V,D]=eig(A);
[V,D]=eigs(A,3);

fid=fopen('Basis','w');

for i=1:3 % feature vector length
for j=1:3 % basis number
fprintf(fid,'%10.10f ", V(i,j));
end
fprintf(fid,\n");

end

fclose(fid);
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HW: Feature Transformation (4/4

 Examples

20002 5 45 # 48 PCAR #4172 7 11

200028 JFU 45 0 4E LDARE 1% 73 47i B

0.2
5F e 0 O |
4L i
O
3+ i
o~ ~ _
[0 [0)
S 2+ R 5
© ™
QL L i
1+ i
ot i
At i b
2 1.2 | | | | | |
10 4 -0.9 -0.8 -0.7 -0.6 -0.5 0.4 -0.3 -0.2
feature 1 feature 1
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Latent Semantic Analysis (LSA) (1/7)

» Also called Latent Semantic Indexing (LSI), Latent
Semantic Mapping (LSM)

« A technique originally proposed for Information Retrieval
(IR), which projects queries and docs into a space with
“latent” semantic dimensions

- Co-occurring terms are projected onto the
same dimensions

mxn

— In the latent semantic space (with fewer dimensions), a query
and doc can have high cosine similarity even if they do not share

any terms

— Dimensions of the reduced space correspond to the axes of
greatest variation
« Closely related to Principal Component Analysis (PCA)
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LSA (2/7)

Dimension Reduction and Feature Extraction

- PCA feature space
T Y : A
X ";;Q"’ Vi = q”i‘)(- ‘\\ —> :EE:.}Gqu "':*C"')K'
n k =1 n
E— —
¢1 ¢1 ¢k

- SVD (in LSA) min H)E' — XH for a given k

latent semantic
space
Al
rxr rxn
mxn % mxr r < min(m,n) mxn

latent semantic

. 2 .
space min ”A' — A”F for a given k
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LSA (3/7)

— Singular Value Decomposition (SVD) used for the word-
document matrix

* A least-squares method for dimension reduction

Term1 Term?2 Term3 Term4
Query user interface
Document 1 | user interface HCI interaction
Document 2 HCI Interaction
Projection of a Vector x : ?

o’ x

T
yi = |xllcos 0y = |lx|l =0 x
[ lle-

, where ||qo1 || =1
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LSA (4/7)

 Frameworks to circumvent vocabulary mismatch

Doc =5 terms mm) structure model
g
doc expansion l
4 .
: : latent semantic
iteral ’rer'nAwtma’rchmg structure retrieval
query ?iipansion I
Query ==) terms m=) structure model
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LSA (5/7)

Titles
el
c2:
3
cd:
S
ml
m2:
mi:
il :

Terms

Furman
inrerface
cormpruier
Hyer
Svstent
FeSponse
rinae
EPS
IUFVEY
rees
graph
FIROrs

Humarn machine inferface for Lab ABC compurer applications

A survey of user opinion of computer svstem response time
The EFPS wser inrerface managerment swsrerm

Svstem and human system engineering testing of EPS
Relation of wser-perceived respornse rirme (O error measurement

The generation of random, binary, unordered rrees

The intersection graph of paths in frees

rraph muinors Y Widths of rrees and well-guasi-ordering

Crraph minors: A surey

f
e

v e T o I e o e o e B

f
b

¥
fad

COQQ=O O = =0=0D

o
N

o000 =00RNOO0D =

Documents
cS5 ml
O 0
] 4]
O {
1 0
O L]
1 0
| 0
0 0
0 0
0 I
0 O
0 )

3
I

C==0000QQ00QQQ

-
W

- —-mO20Q0Q0Q00

2

== QO Q000000

Statistics-51



LSA (6/7)

2-D Plot of Terms and Docs from Example

T3 . . 9
Query: “human computer inferaction
11 n]
c-ma[%rnﬂ,ﬂ 12
.. ma(9,11,12)
* N2
e An OOV word
ﬁ *= 3 survey -
=] -
= h m1(10) -
o i o o ¢2(3,4,5.6,7.9)
(o] _ e %Eﬁ;jff;
e 6 repsonse
=77 =3 computaf 4 user
S
g e, 23 J—
S gl SHE "
" 8 EPS 2 C3(2458)
“ T e B ogystem
™ N o ocdi1,5,8)
k.
M
~
u,
S
u
.

Dimension 1™

FIG. 1. A two-dimensional plot of 12 Terms and 9 Documents from the sampe T set. Terms are represented by filled circles. Documents are shown

___ as open squares, and component terms are indicated parenthetically. The query (“human computer intéraction™) is represented us a pseudo-document at

c pint . Axes are scaled for Document-Document or Term-Term comparisons. The dotted cone represents the region whose points are within a cosine of

o .9 from the query g. All documents about human-computer (cl-c5) are “near” the guery (i.e.. within this cone), but none of the graph theory documents
"N [ml=md) arc ncarby. In this reduced space, even dosuments ©3 and ¢ which share no terms with the query are near it




LSA (7/7)

» Singular Value Decomposition (SVD) RowAe R"
d, d, d, d; d; d  ColA € R™
Both U and V has orthonormal
column vectors
rxr rxn UTU=I .
VTV:IrXr
r <min(m,n)
mr  K<r Al = [|A]] 2
d, d, d

kxk kxn
Docs and queries are represented in a
k-dimensional space. The quantities of

the axes can be properly weighted
mxn mxk according to the associated diagonal

values of >,
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LSA Derivations (1/7)

» Singular Value Decomposition (SVD)
— ATA is symmetric nxn matrix
* All eigenvalues [ are nonnegative real numbers

A, 2A, 2.2 202 :diag(ﬂ,ﬂ,...,/ln) v

* All eigenvectors v; are orthonormal (€ R")
V :[vlvz...vn]vTV-=1 viv=r)

nxn
sigma o —1/ , j=1...,n
» Define singular values:

— As the square roots of the eigenvalues of A’A

— As the lengths of the vectors Av,, Av,, ...., Av,
or A, , I=1,..5 o= ”Avl ” ||Av,,||2 =v'A"Av. =v' v, = A
{Av, Av,, ...., Av.} is an o, =|4v,| = |4v| =0,
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LSA Derivations (2/7)

{Av,, Av,, ..., Av.}is an orthogonal basis of Col A
1, AV r g9

Av e Av, = (Avl. )TAVJ. =v A" Av, =Av'v, =0
— Suppose that A (or ATA) hasrankr <n

1122«22....2/17,>0, 2«7._'_1:/17,4_2:....:2/”:0
— Define an orthonormal basis {u,, u,,...., u,} for Col A
1 1
U, = Av,=—Av, =>ou, = Ay
¢ also an _H__le _____ O e V': an orthonormal matrix (nxr) mxn
orthonormal ma‘rrlx:>[ u ]Z :A'v V. v ] i
(mxr) _______2_____r__' : :__1___2____1---',, - Known in advance

- Extend to an orthonormal baS|s {u1, Uy,..., u,} of RM

:>I_[I_’l_1_1:l_2_°_“___ ]Z A[Vl Vo... -Vn] | A| _ ZZ

:>@____/_1_1{_:>U2VT Ay’ = ‘5

= A=USVT, (5 oo ) Ly ? 4| =0 +0} +.+0) ?
Onryr  Om—rix(n—r)
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LSA Derivations (3/7)

| u. spans the
v, B the Multiplication e
row spaceof A — byAd = row space of A" |

mxn
Col A = Row AT

U

ll<.

Nul A )
= v’ =(U, U = 0
AX — O 1 2 0 0 VzT
FIGURE4 The four fundamental sub d the acti UV
: € Iour rundadamental su spaces and the action _ AVIVIT UZ o AV
of A. iy
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LSA Derivations (4/7)

« Additional Explanations

— Eachrow of U is related to the projection of a corresponding
row of A4 onto the basis formed by columns of V

A=Uxy?!
=S AV =USVIV =UL = UZ=AV

 the j-th entry of arow of U is related to the projection of a
corresponding row of A4 onto the i-th column of

— Each row of V' is related to the projection of a corresponding
row of 47 onto the basis formed by U
A=Uzv"
= AU =V fUu=rsUuTU =rx
=>Vr=A"U

- the i-th entry of arow of | is related to the projection of a
corresponding row of 4" onto the i-th column of U
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LSA Derivations (5/7)

 Fundamental comparisons based on SVD
— The original word-document matrix (A)

d, d,

« compare two terms — dot product of two rows of A
— oran entry in AAT

« compare two docs — dot product of two columns of A
— oranentry in ATA

« compare a term and a doc — each individual entry of A

mxn

— The new word-document matrix (A’)

U':Umxk """"""""""""""""""""

=y, o po R R AATEU RV (UEVEUZ VIV TUT=(UR
V=V, — dot product of two rows of U' X"’ p " For stretching

/‘Irxr /‘ or shrlnklng

« compare two docs 7, (U SV U S VT SV ST
— dot product of two rows of V' X'
e compare a query word and a doc — each individual entry ofA
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LSA Derivations (6/7)

 Fold-in: find representations for pesudo-docs g

— For objects (new queries or docs) that did not appear in the
original analysis

» Fold-in a new mx1 query (or doc) vector

5 — T )‘ -1 The separate dimensions
Dixk = (q X m U mxk 2 kxk  are differentially weighted

Just like a row of V Query represented by the weighted
sum of it constituent term vectors

— Cosine measure between the query and doc vectors in
the latent semantic space

Gz3d’
g ciz‘

sim (qA,a?)z coine (qAZ,a?Z) =

\/

row vectors
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LSA Derivations (7/7)

 Fold-in a new 1 xn term vector

A — 1
tlxk — tlannxkz k x

k

A Vs T vir
m X n m % k k x k k xn
P
r
m x (n4p) m x k k x Ik k x (n+p)

Mathematical representation of folding-in p documents.

Ar Uy 2k 1’}3-

m x n _ m x k kxk k xn
B B

{(m~+q) xn {m+q) x k kxk kxn

Mathematical representation of folding=-m q terms.
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LSA Example

« EXxperimental results

— HMM is consistently better than VSM at all recall levels

— LSA is better than VSM at higher recall levels

---2--- NVSM
0.9 - --%=-- HMM
—ah— | S|
:}A\i~\\ -
0.8 - \ N
K\\}\
0.7 - *\@\
‘& 0.6 SN
O %\\
o Tk
o B
0.5 - \\\A
~\\\$
N
N
0.4 RN
N A
-~
¥
0.3 , . , r , . , : ,
0.0 0.2 0.4 0.6 0.8 1.0
Recall

Recall-Precision curve at 11 standard recall levels evaluated on
TDT-3 SD collection. (Using word-level indexing terms)

Ip

Statistics-61



LSA: Conclusions

* Advantages

— A clean formal framework and a clearly defined optimization
criterion (least-squares)

» Conceptual simplicity and clarity
— Handle synonymy problems (“heterogeneous vocabulary”)
— Good results for high-recall search

« Take term co-occurrence into account

« Disadvantages
— High computational complexity

— LSA offers only a partial solution to polysemy
« E.g. bank, bass,...
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LSA Toolkit: SVDLIBC (1/5)

* Doug Rohde's SVD C Library version 1.3 is based
on the library

 Download it at
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LSA Toolkit: SVDLIBC (2/5)

Row Col. Nonzero

* Given a sparse term-doc matrix #Tem # Doc entries
— E.g., 4 terms and 3 docs 436 5 nonzero entries
DOC 2 < at Col 0
A 0 2.3 Col 0, Row 0
o R 2 38 Col 0, Row 2
'23 00 4.2 1 < 1 nonzero entry
0.0 1.3 2.2 ‘ o
UL - - 1 1.3 Col 1, Row 1
Term - 38 0.0 05 - 3 < 3 ncc))nzero entry
) | ) at Col 2
0.0 0.0 0.0 0 42  Col2, RowO0
i 1 2.2 Col 2, Row 1
— Each entry is weighted by TFx/IDF score 5 05  Col2 Row2

« Perform SVD to obtain corresponding term and doc
vectors represented in the latent semantic space

« Evaluate the information retrieval capability of the LSA
approach by using varying sizes (e.g., 100, 200, ..,600
etc.) of LSA dimensionality
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LSA Toolkit: SVDLIBC (3/5)

 Example: term-docmatrix

Indexing Nonzero

Doc no. .
Term no. entries

51253 2265 218852
77

508 7.725771
596 16.213399
612 13.080868
709 7.725771
713 7.725771
744 7.725771
1190 7.725771
1200 16.213399
1259 7.725771

LSA100-Ut
« SVD command (IR_svd.bat) output
svd -rst -0 LSA100 -d 100 Term-Doc-Matrix LSA100-S
//v 4 k\ V\\
| o N resorved  Narme of LSA100-Vt
sparse matrix input prefix of output files 0. OTTeserve hame of sparse

eigenvectors matrix input
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LSA Toolkit: SVDLIBC (4/5)

LSA100-Ut 51253 words
100 51253 o
10.003]0.001 ........ R
0.002/0.002 .......

word vector (uT): 1x100

LSA100-S

100
2686.18
829.941
-

100 eigenvalues

LSA100-Vt 2265 docs

N

—

100 2265
0.021 0.035
0.012 0.022

doc vector (v'): 1x100
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LSA Toolkit: SVDLIBC (5/5)

* Fold-in a new mx1 query vector

The separate dimensions

A _ T
dixk = (g U m X k Z k x k are differentially weighted

Just like a row of V

Query represented by the weighted
sum of it constituent term vectors

TFxIDF weighted beforehand

« Cosine measure between the query and doc vectors in
the latent semantic space

Gz3d’

sim (qA,a?): coine (qAZ,a?Z) =
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