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Likelihood- vs. Discriminant-based Classification

» Classification
— Define a set of discriminant functions gj(x),j =1,....K
— Choose aclass C; if

gi(x)= maxle gj(x)

. .. . covariance matrices are
¢ Dlscrlmlnant funCt|OnS identical between classes

— Likelihood-based: Assume a model for p(x|C;) and use Bayes’
rule to calculate p(C/x)

gi(x) = log p(Cilx)
— Discriminant-based: Assume a model for g(x|®;) and no density
estimation is needed

« Estimate the boundaries is enough

* No need to accurately estimate the densities inside the
boundaries
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Linear Discriminant

 Linear discriminant

d
T
gl-(x | Wl-,wl-o): W; X+ Wp = 2 W;X; + Wy
J=1

* Advantages:

— Simple: O(d) space/computation
— Knowledge extraction covariance matrices are
« Weighted sum of attributes different between classes
— Positive/negative weights, magnitudes
« E.g., credit scoring

— Optimal when p(x|C;) are Gaussian with shared covariance
matrix

» Useful when classes are (almost) linearly separable
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Generalized Linear Model

e Quadratic discriminant

T T
gi(X | Wiawiain): X" Wix+w; X+ w

« Higher-order (product) terms
_ _ _ 2 2 _
21 =X, 292 = X9, Z3 = X], Z4 = X3, Z5 = X1X)

— Map from x to z using nonlinear basis functions and use a linear
discriminant in z-space

&i(x)= 3 wigy ()

j=1
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Two-Class Linear Classification

g(X)= gl(X)_ gz(x)
= (WITX+ Wlo)_ (ng + WZO)

g(x)=w x,+w.x,+w,=0
AR g(x)>0 = (Wl — Wy )TX + (WlO B Wzo)

g(x)<0
X X o
X
x = © ¢, it g(x)>0
O choose ,
v % C, otherwise
\ >

ML-5



Geometry of the Linear Discriminant

W is normal to any vector lying on the
decision hyperplane

A
- 2(x)=0
gx)<0 g(x)>0
[wol/l[wl] X=X+ w
y [wl
] o | X , :normal projection of x on to the hyperplane
] X
_ r :distance from x to the hyperplane , » = g(x)
| yperp
— ]
g(x)|/[wl]
\ L

X
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Multiple-Class Linear Classification (1/2)

 Assume that classes are linearly separable
>0 x € C;

T
AX | W:.W:n)l=W: X+ W: and g(XW,W ): .
» gz( W, 10) i i0 L | >0 <0 otherwise

Classification:

Choose C; if

K

gi(X): njl?fl( gj(x)

Ideal case
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Multiple-Class Linear Classification (2/2)

« Assume that classes are pairwise separable
T >0 if xeC;
» glJ(X|WlJ’WlJO) WiiX T Wio gl-j(x)z <0 if xeC;
don't care otherwise

For K-class classification,
it needs K(K-1)/2 linear discriminants

Classification:
choose C;if

Vj # i,gl-j(x)> 0

However, in real-world applications, it's not
always the case (linear separation)

- Using summation instead of conjunction

g;(x)= Zgy(x)
J#i K
Choose C; if gl-(x):mwi g]-(x)
]:
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Parametric Discrimination Revisited

The discriminant functions for Gaussian class densities
p (x| C;) sharing a common covariance matrix are
linear

g;(x)=log P(x|C,)+ log P(C;)
gi(X|Wi9Wi0): Wz‘TX T Wi
|

_1 Tw-1
W, =2 U Wz’O:_EMiZ w,; +log P(C;)

For two-class classification
yEP(C1|x)and P(C2|x)=1—y
( y > 0.5
choose C,if{ y /(1 -y)>1 and C, otherwise

log [y /(1 -»)]>0
— log [y /(1 - y)]is known as the logit transformation/log odds of ¥
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Posterior Probability and Sigmoid Function (1/2)

* For two normal (Gaussian) classes sharing a common
covariance matrix

: P(Cy | x) P(Cy | x) p(x[C) P(C))
logit (P(C; | x))=log = log = lo + log
PaD= o8 e 1) = Bley ) i) PlC)
e LA e 2wV = )] ()
@z) 25 Pexp b (/2)x -, Y = (x—py)|  P(C2)
= WTX+ Wy
_ 1 _ P(C
cwhere W =27 —pp ) wo = =—(u + 1) 27y - )+ log P((c;))
‘ loglx :y:>1x =exp y
. . P(C . . 1
The inverse of logit (log - ](’(IC,"lT)x) =wlx+ wo) = x= 1Jerxe€q;vy T eXII) (- )
— P(Cl |X)= sigmoid (WTX n WO): ,1 - Sigmoid function

1 + exp [— (WTX+ WO)J
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Posterior Probability and Sigmoid Function (2/2)

* Plot of Sigmoid (Logistic) Function

-
Tl
0sk
0t
asl

y =sigmoid(g(x)) °°

04l

03

0.2r

01F

0 1 I 1 L 1 1 1 I
-10 -8 -6 -4 -2 0 2 4 B 8 10

1. Calculate g(x) —wix+ w, and choose C; 1f g(x) >0, or

2.Calculate y = sigmoid(WT X + wo)and choose Cjif y > 0.5
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Gradient Descent (1/2)

* For the discriminant-based approach, parameters are
optimized to minimize the classification error on the

training set
— E(w]|X) is error with parameters w (d-dimensional) on sample X

w*=arg min, E(w | X)

— The gradient vector composed of partial derivatives

T
OE OF oE
8w1 ’ 8W2 7 8wd

vg{

« Gradient-descent:
— Starts from random w and updates w iteratively in the
negative direction of gradient
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Gradient Descent (2/2)

E (W)

E (wf)\

E

8Wl'

Wi = Wi + AWi
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Logistic Discrimination (1/8)

 Two classes: Assume log likelihood ratio is linear
— Classes share a common covariance matrix

sy e T

P(Cy)
P(C,)

y=P(C||x)=

where wy = wj + log

1
1+ exp\_— (WTX + W )J
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Logistic Discrimination (2/8)

« Training of discriminant parameters: the two-class case
— Assume ', given x’,is Bernoulli with probability ,’ =P(c1 |xf)

X = {xt,rt}t r' | x' ~ Bernoulli (yt)

1

1 + exp [— (WTX-I- WO)J

H(w,wy | X)= l_t[ (yt)(”t)( - yt)(l—rf)

E = —log!
E(WaWO |X): - r'log y' + (l—rt)og (1— yt)
{

y="P(Cy|x)=
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Logistic Discrimination (3/8)

« Training of discriminant parameters: the two-class case

E(W»WO | X): ~> r'log y' + (1 — rt)log (1 — yt)
t

da

OE rto1=r t( t)xt y:m
AWj:_U—:UZ[ ;T }Y 1=y J; : L

4 <l =
aw] t\Y 1 i % da  [l+exp(-a)f 1+ exp(~a)1+exp(-a)
=y-(1-»)

— UZ(rt _yt)X§9] = 19“'9d a=wlx'+w,
!

. t
= T W
T

{Note thatif y = sigmoid(a):> L = y(l — y)}

Awy = _USTEO = n%(rt _yz)
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Logistic Discrimination (4/8)

« Training of discriminant parameters: the two-class case

For 7 =0.....d
w; «—rand(-0.01,0.01)

Repeat
For  =0...., d
Aw; 0
Fort=1..... N
o+— 0

— s ‘t.
O 0+ Wjx;

y «— sigmoid(o)
Aw; «— Aw; + (rf

Wy — Wi + NAw;
Until convergence

—y)x

L,

Figure 10.6: Logistic discrimination algorithm
implementing gradient-descent for the single output
case with two classes. For wy, we assume that there

IS an extra input =, which is always +1: ItD = +1,Vt.
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Logistic Discrimination (5/8)

« Multiple classes: Take one of the classes, e.g., C, as
the reference class and assume

X = {xt,rt}t Pl xt ~ Mult (l,yt)

lo p (x Ci)zW-Tx+w9:>10g p(Ci|X)=w-Tx+w-

g p(XICK) i i0 p(CK|X) [ i0
softmax

=y — P\(CZ |X): oxp [WZX al WiO] -',i = 1,..., K

K T J
ijlexp |_W ;X Wy

[Ew w0 1l X )= Ft[ Hl (yf )(rit)

EX{w ,wig fil X )= =X rilog »/
t
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Logistic Discrimination (6/8)

« Appendix

log p(C ‘X) w X+Wi0
p(Cx Ix)

P(Ci|X) ( T ) K -1 p(C \x) ( . )
= = + = Z _ z - . |

p(CK |X) CXp W, X T Wio et p(CK |X) exp \Wi X + wjy

l—p(CK \x) K -1 ( . )
= = 2 C X + W

p(CK |X) i=1 CXp Wi X Wio

1

= p(Cg Ix)= —

1+ Y exp (WZTX+W0)
i=1

T
= p(Cilx)= e (Wz'TX+ WiO)'P(CK [ x)= Ie<xi (Wi X Wzo)

1+ > exp (W X+WZO)
T
i

i=1
exXp (WZ-TX+WZ-O) exp (w X+Wzo)

eXp (WZTX + WiO)
I

I M

cXp (WZ'TX + Wl-())-l- (1 —%exp (W%x + wio)
i=1 l

Note that /v
p(Ck \X)_l
p(Cg Ix)

I ™M

eXp (WTI;X+W ):
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Logistic Discrimination (7/8)

Fori=1...., K, For j=0,....d, wi; — rand(—0.01,0.01)
Repeat
Fori=1.....K, For j=0.....d, Aw;; — 0
Fort=1,...,N
Fori=1.....K
0§ +— 0

For j=0,....d
0; < 0; + wy; T
Fori:=1..... K
yi — exp(o;)/ Y, exp(ok)
Fori:=1..... K
For 7 =0,....d
Awgj — Awgj + (rl — yi]I;
Fori=1.....K
For j=0,....d
wij — Wij + NAw;;
Until convergence

Figure 10.8: Logistic discrimination algorithm
implementing gradient-descent for the case with

K > 2 classes. For generality, we take x} =1,vt.
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Logistic Discrimination (8/8)

1
0 0.5 1 1.5 2 25 3 35 4
X

1
Figure 10.9: For a two-dimensional problaem with
three classes, the solution found by logistic a
discrimination. Thin lines are where g;(a) = 0, and

the thick line is the boundary induced by the linear

classifier choosing the maximumn.

>0 XGCZ'

thin line: g;(x|w;, ;)= " (ideal case)
<0 otherwise
T Figure 10.10: For the same example in figure 10.9,
. . eXp Wl- X + Wio i . o .
thick line :p(Ci |X)= e 7 ] the linear discriminants (top), and the posterior
ijleXP ij+wjo probabilities after the softmax (bottorm).
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Generalizing the Linear Model

 Quadratic ( )
loa PX1G) _ Ty s wix 4w
ng(X|CK) x WX+ w; X+ w
e Sum of basis functions
C,) 7
log p(x| =W PUX )+ wy,
p(X | CK) l¢( ) i0

where ¢(x) are basis functions

— Kernels in SVM
— Hidden units in neural networks

¢(0)

o(0)
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Discrimination by Regression

« Classes are NOT mutually exclusive and exhaustive

— An instance can belong to different classes with different
probabilities

r' =y’ + e where & ~ N(O,azld)
!~ N(yt,azld)

: : 1
y! = sigmoid (erxt + WiO):

1 + exp [— (WTXt + WzO)]

I(w,wy |X)=TI 1 ‘1/2 { ( YY( 2Id)( ‘Yt)}

t (27[)d/2‘621d J

1
=?Z Z (’”it - J’zl‘)2
t t 1
t t )\t Equivalent to minimizing
i\l =,

the sum of square errors
(sharing a common
diagonal covariance matrix)
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Optimal Separating Hyperplane (1/5)

» Cortes and Vapnik, 1995; Vapnik, 1995

-1

X = {Xt,rt}t where r! = {+1

find w and w such that

WTxt+w02+lf0rr

WTXt+W0S-|-1fOI‘ rt = -1

F = 41

which can be rewritten as

rt(wat + WO)Z +1

— We do not only want the instances to be on the right side of the
hyperplane, but we also want them some distance away

if x' e C4
if x' e C,
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Optimal Separating Hyperplane (2/5)

* Margin
— Definition: Margin is the distance from the discriminant to the

closest instances on either side 7

. . ‘W X t + w 0 ‘
— Distance of x! to the hyperplane is R
A\u%
t..T_t
e Can also be rewritten as . (W ”jV”Jr WO), where 7’ € {-1,+1}

T _t

— We would like that rt(w HX H+ WO)Zp,W
W

- For a unique solution, fix p-|w| and to maximize the margin

min %kuz subject to rt(wat + WO)Z +1,V1

— Have to do with the input dimension d
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Optimal Separating Hyperplane (3/5)

* Margin

Figure 10.11: On both sides of the optimal
separating hyperplance, the instances are at least

L/||w]| away and the total margin is 2/||w||.
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Optimal Separating Hyperplane (4/5)

* Primal Problem
— Minimize L, with respectto w,w,

min %kuz subject to r (WTXt + Wo) > +1,Vt
Ly =5 - b s )

:—HWH — Za v (WTX +w0)+ Zat

oL N
—L — 0= w=Yalrx
oW t=1
6L

=0= Za rl =
aWo =1

Sp ML-27



Optimal Separating Hyperplane (5/5)

* Dual Problem (Karush-Kuhn-Tucker)

— Maximize L; with respect to o'

|
L, :5(WTW)— WTZatrtxt —wOZatrt +3af
t t t

LwTw )+ xa!
5w W+§0‘ scalar

:lZZataSrtrS(xt)[XS +>a
2 I s | | 4

subjectto Y a'r! =0and ' 20,V
t
« Most ¢! are 0 and only a small number have al’ >0 ;

they are support vectors

« Have to do with the number of training instances, but not the
input dimension
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Kernel Machines

* Preprocess input x by basis functions

=q»()
£(2)-w
g(x)=w

(assume Zg = 1)

()

« The SVM solution

w=Ya'rz = Zatrt(p(xt)
t t

g(x)z WT(p(x)z Zatr’(p(xt)r(p(x)
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Kernel Functions

 Polynomials of degree q: K(xf,x): (xTxf + 1)"

« Radial-basis functions: K(xt,x):exp

K(x,y):(xTy +1)2
= (x1J’1 +X,Y, +1)2
=1 +2x1y1 +2x2y2 —|r2x1x2yly2 +x12y12 +X§y§

o(x) = [1, «/Exl, «/Exz, «/Exlxz,xf,xg]r
e

2
@)

« Sigmoidal functions: K(xt,x)ztanh (ZxTxf +1)

Ip
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