Parametric Methods

& Berlin Chen
Graduate Institute of Computer Science & Information Engineering
W National Taiwan Normal University

References:
1. Introduction to Machine Learning , Chapter 4



Introduction

o Statistic

— Any value (or function) that is calculated from a given sample

— Statistical inference: make a decision using the information
provided by a sample (or samples)

« Parametric methods

— Assume that samples are drawn from some distribution that
obeys a known model p(x)

aaaaaaaaaaaaaaaaaaaa

— Advantage the model is weII deflned up to a small number of
parameters

« E.g., mean and variance are sufficient statistics for the
Gaussian distribution

— Model parameters are typically estimated by either maximum
likelihood estimation or Bayesian (MAP) estimation

— Data samples are assumed to be univariate (scalar variables)
here
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Maximum Likelihood Estimation (MLE) (1/2)

« Assume samples X:{xl,xz,...,xf,...,xN} are independent and
identically distributed (iid), and drawn from some known
probability distribution

- ¥l

— 6 : model parameters (assumed to be fixed but unknown here)

 MLE attempts to find @ that make x the most likely to
be drawn

— Namely, maximize the likelihood of samples

1 N .
X ,er, x" are iid

101X )= p(x]0)= pl', . x"[0)=11 p(x'lo)

t=1
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MLE (2/2)

Because logarithm will not change the value of @ when

It take its maximum (monotonically increasing/decreasing)

— Finding @ that maximizes the likelihood of the samples is
equivalent to finding & that maximizes the log likelihood of the
samples B

N
L(0]x )=10g 1(6]x )= ¥ log p(x'|0)
t=1

= log a > log b

— As we shall see, logarithmic operation can further simplify the
computation when estimating the parameters of those
distributions that have exponents
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MLE: Bernoulli Distribution (1/3)

» Bernoulli Distribution
— Random variable x takes either the value 1 (with probability 7 )

or the value 0 (with probability 1—7 )
« Can be thought of as X is generated form two distinct states

— The associated probability distribution

Px)=r(1-r)™ ,xe{0,1]

* The log likelihood for a set of iid samples

drawn from Bernoulli distribution
X=X

L(r|x )= log fir(xf)(l _ r)(l—x’)

(9/ =(t§1xtjlog r+(N—t]ZV:1xtjlog (1-7r)
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MLE: Bernoulli Distribution (2/3)

 MLE of the distribution parameter r

N t
> X
=1

N

ro=

— The estimate for 7 is the ratio of the number of occurrences of
the event ( X =1 ) to the number of experiments

* The expected value for X

E[X]= %x}-p(x):O-(l—r)+l-r:r
xeq0,1

« The variance value for x
var (X )= E|x 2 |- (B[X P = r = r2 = r(1-r)
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MLE: Bernoulli Distribution (3/3)

* Appendix A
0 []Zv:xt)log r+(N— ]Zv)xtjlog(l—r)
dL (7”|X)_ t=1 t=1 ~0
dr - dr
N N
&) (£
_, A=l B t=1 ~ 0 dlog y _ 1
r l-r dy y
N
> x!
= 7= L=
N

The maximum likelihood estimator of the mean is the sample average
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MLE: Multinomial Distribution (1/3)

e Multinomial Distribution
— A generalization of Bernoulli distribution

— A value of arandom event ¥ can be one of K mutually exclusive
and exhaustive states s! e {s;,55, -, 5 }

— The associated probability distribution

y K J K
p\x =117, 2 r =1
i=1 i=l1
¢ )1 if x’ choose state s;
S; = )
0 otherwise

« The log likelihood for a set of jiid samples drawn from
Bernoulli distribution

L(r‘X )= log 1]_v[ ﬁ S X,
(=1i=1
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MLE: Multinomial Distribution (2/3)

* MLE of the distribution parameter 7.

N
ZSZ'
=1

N

]/;.:

— The estimate for 7; is the ratio of the number of experiments
with outcome of state ; ( Sf =1 ) to the number of experiments
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MLE: Multinomial Distribution (3/3)

Appendix B

or, or,
Lagrange Multiplier
N
= Y s -L+ A=0
t=1 r;
1 N,
=1 =——2 8
A =1 o
. LNk
= 7 =1=——Z[Zsfj
i=1 A i=1\i=1
= A=-N =1
N
Y s,
= 7, = =
’ N
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MLE: Gaussian Distribution (1/3)

 Also called Normal Distribution
— Characterized with mean # and variance o’

_@—gf

|
P(’C)‘me"p{ o

}, -0 < X <

— Recall that mean and variance are sufficient statistics for
Gaussian
« The log likelihood for a set of iid samples drawn from

Gaussian distribution

%5 X=P A
L(IU,GX)ZIOglj_v[#e( 2o ] {9 5V 90 ey }
=1 27w O

N
N (27)- N1 El(Xt_ﬂ)z
——70g 7 )— N log o — -
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MLE: Gaussian Distribution (2/3)

« MLE of the distribution parameters # and o*

N
t
DX
m= [I = t=1 sample average
N
N
t
' =m
§2 =42 = 1=l sample variance

« Remindthat # and o? are still fixed but unknown
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MLE: Gaussian Distribution (3/3)

* Appendix C
------------------ N
N | Z(xt_ﬂ)z
L(,u,J‘X):——log (27)——log o *i— ! >
20
N t
aL(ﬂ’G‘X)_ LS (G = —Elx
y —O:>Jzt§1(x ,u)Z—O:>,U— N
N N
> (v —a)
aL(ﬂSG‘X):O:_N+1_]Zv:(x[—ﬂ)2:02>02=t=1 =
oo’ o il N
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Evaluating an Estimator: Bias

« Suppose x is a sample from a population distribution
with a parameter ¢

e Let 4 =d(X) be an estimator of 8 and bias of the
estimator 4 is defined as
— The expected difference between d and 6

by(d)=Eld-0]|=E|a]-0
* An unbiased estimator 4 has the property that

by(d)=E[d]-6=0

d is an asymptotically unbiased estimator
— The bias goes to zero as the sample size ‘X‘ goes to infinite
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Evaluating an Estimator: Variance

« The variance measures how much, on average, the
estimator d varies around the expected value E|[d |

Var (¢)= E|(a - E[a]F ]

— As we will see later: the smaller the sample size ‘X‘ , the larger
the variance

 The mean square error of the estimator 4 is defined as

(d,0)=E|d - 0)]

— Measure how much the estimator d is different from @&
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Evaluating an Estimator : Bias and Variance (1/6)

 The mean square error of the estimator 4 can be further
decomposed into two parts respectively composed of
bias and variance

r(d,0)= E:(d - 9)2]
- E|d - E[a]+ E[d]-0) ]
- gl - E[d]F + (E[d]-0) +2(d - E[d E[d]-0)]
~ el - E[a]} |+ E|Ela]-0) |+ 2£[(@ - E[a]NE]]- 0)]

constant constant

- £l@ - E[a]} J+ (Bla]- 0} + 2E[@>£laDE[¢]-0)

0

= £l(a - E[a]? |+ ([e]-0)

variance bias?
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Evaluating an Estimator : Bias and Variance (2/6)

variance

N

d.

"y sasng
s

S

| Y |
Eld] ©
 —

bias

3¢ -

Figure 4.1: 6 is the parameter to be estimated. d;
are several estimates (denoted by ‘x") over different
samples. Bias is the difference between the expected
value of d and 6. Variance is how much d; are
scattered around the expected value. We would like

both to be small.
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Evaluating an Estimator : Bias and Variance (3/6)

« Example 1: sample average and sample variance

— Assume samples Xz{xl,xz,...,xt,...,xN} are independent and

identically distributed (iid), and drawn from some known
probability distribution with mean u and variance o*

Mean ﬂ=E[xt]=§Xt'p(xt)
Variance 02=E[(X’—ﬂ)ZFE[(XI)Z}—(E[x’])Z

1 N
Sample average (mean) for the observed samples m = WZXt
t=1

. 1 N

- Sample variance for the observed samples s* = Fz(xt — m)2
t=1

or 5 Nl—lé(Xt —m)z ?
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Evaluating an Estimator : Bias and Variance (4/6)

« Example 1 (count.)
— Sample average m is an unbiased estimator of the mean 4

Eln]= £ {N 5" } %E[xt]:¥ e

Em —u=0
. m is also a consistent estimator: Var(m)— 0 as N — o

Var(ax +thl=a’ Var(x)
Var(x - y) = Var(x) 0 Var( y)

2
Var(m) Va{— j:—ZVar( ) NNf ?\7 = 50
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Evaluating an Estimator : Bias and Variance (5/6)

« Example 1 (count.)

— Sample variance s? is an asymptotically unbiased estimator of
the variance o>

E[sz]:E ]i]—]zv(xz—m)z} SzZ%IZv:l(x‘m)z
i (=1
:E:]i]—gl((x’)z—2xt m +m2j} )
_(g xt)zj—2N m?* + Nm ? lex:Nm
_ (=1
N
(g(x’)zj—N m *
_ (=1
- K -
(]sz[(x’)ZD—N E [m?]
IRNTEY
- N
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Evaluating an Estimator : Bias and Variance (6/6)

« Example 1 (count.)
— Sample variance 2 is an asymptotically unbiased estimator of
the variance 2 Var(m):%:E[mz]_(E[sz

= E[mz]:%z+(E[m])z :672+,u2

:E[(xfﬂ:a%(z;[xf])zzauﬂz N — > O

\

The size of the observed sample set
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Bias and Variance: Example 2

a) b) C) d)

arxl =_:'.-.'.'n.'-:." i) =_f.\-.'.'e'n.; plxl=a +ax+a i +|.'_.'.': glx) = a,+ax

L] L L] L]
L L L] L]
- - - -
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Prior Information (1/3)

» Given a function ¢(x1¢) (e.g., likelihood density r(x|o) )
with parameter ¢ to be estimated

— The prior density P(¢) tells some prior information on the
possible value range that g may take is helpful

» Especially when the set of training samples is small

- ¢ is treated as a random variable and P (9 ) tells the likely
values that 9 may take before looking at the samples

« The parametersin P(0) are called hyperparameters

— The prior density P () can be combined with the likelihood
density p (X |9) to form the posterior density of ¢

Po]x )= P(xlo)p(e) _ P(x]o)r(e)

/\ ) P(x)  (prixle)p(o'ye

»
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Prior Information (2/3)

« Conjugate Priors

— A prior density P(H) which can make the posterior density P (9|X )
, likelihood density P(x |9) and the prior density itself P (0)
belong to the same distribution family

« E.g., the Gaussian (normal) density family
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Prior Information (3/3)

« Example 2
— @ is approximately normal == P(0)~N(,u,02)

— 0 lies between 5 and 9, symmetrically around 7 with 90 percent
confidence

P(5<0<9'=0.9; PO)~N(u o?) u=17

O
= Plu-1.640 <0< pu+164c}=0.9
Take 1.640 =2 = o =2/1.64

= P(0)~ N(7, (2/1.64)2)

=N P{—1.64 d-u <1.64}=O.9 (N (0,1))
{
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Posterior Density

« The posterior density p (6’|X ) of parameters g tells
the likely values after looking at the samples X

P(xle)p(e)  p(x|o)P(o)
P(x)  [pP(xle')r(e')e’

P(o|x )=
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Density/Output Estimation

 Density estimation of x using P(x\é?) and P(@\X)

P(x|x)=[P(x.0|X Ji0

= :P(x

= :P(x

6 : sufficient
statistics

axk@wﬁea

0)PO|Xx Yo

* QOutput estimation of x
y=g(xlp)

using g(x[p) andP(o|x)

v=[elxlo)p(o|x o

« Take an average over predictions ( P (x‘e) or g (x\@) )
using all value of & , weighted by their (prior) probabilities

Ip
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MAP and ML Estimators

However, evaluating the integrals in above equations are
not feasible
— Estimation based a single point (point estimators)

« Maximum A Posteriori Estimation

« Maximum Likelihood Estimation

Maximum A Posteriori (MAP) Estimator
P(x|X)= P(x|6’MAP ) = Oyyp = arg mgx P(6’|X)
g(x|X)= g(x|‘9MAP )

Maximum Likelihood (ML) Estimator
0,, =arg max P(x‘@)

0,, = arg max g(x‘&)

ML-28



Bayes’ Estimators (1/3)

« Bayes’ Estimator

— Defined as the expected value of @ given its posterior density
Is known

O = El0]X |=[0-P(0]X )0

— Suppose that E[H‘X] 4 and a estimator with value ¢ is
made

* Mean square error of the estimator

Elo-cy|x]= E[@ - u)+ (u-c)p|x]

~ [0~ u) + 20X - )+ (=Y ]
~E|0-uy|x |+ (u-cy constant

Bayes

@ is the parameter (variable) to be predicted
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Bayes’ Estimators (2/3)

« Bayes’ Estimator (cont.)
— Mean square error is minimum when ¢ = U = 6’Bayes
— The best estimator of a random variable is its mean

+ If the likelihood density P (X |¢) and the prior density
P(9) belong to normal densities

- p (9 ‘X ) is also normal

?
_ QBayes = QMAP \/\¥
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Bayes’ Estimators (3/3)

 Example 2:

— Given the likelihood density P (x|¢) and the prior density
P(p) belong to normal densities

i ] 282
t %0y 99
o |- 20 B

0

1
P(X|‘9): (zﬂ_)N/ZGN
0

_ M} o % :fixed constant

1
P(Q): \/Zﬂaexp{ 202

2
20 )
0 : variable

— What is the estimate HBayeszE[ﬂX] ?

N/o; 1/c° 5
- 2 y mt 2 > H ¢
Nloy+1/o N/loy+1/o

Elo|x]=0

Bayes

« m sample mean

« o’ sample variance
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Parametric Classification (1/7)

X is assumed to be univariate

« Bayes’ Classifier Revisited

P(Ci|x): P(X|Ci)P(Ci)— P(x|Ci)P(Ci)

P(x) B Zlep(xkjk)})(ck)

— Use discriminant function

g (x ) = P (x C. )P (C _ ) denominator is dropped
=~ & (x ) = log P (x Cl- )-I— log P (CZ ) logarithm is monotonic

— How can we interpret P(x|Ci) and P(Cl.) ?
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Parametric Classification (2/7)

« Bayes’ Classifier Revisited
« Assume p(x‘cl_) is Gaussian

Ci): \/%U. eXp {_ (xz_;;i) }

1

P(x

- P(C,)is simply the proportion of samples x that belongto C,

2
= g.(x)= —%log 27 —logo, — (xz_g’lei) +1log P(C,)

1

Sp ML-33



Parametric Classification (3/7)

- Bayes’ Classifier Revisited
— How can we estimate P(x|Cl.) and P(Ci) ?
* Perform maximum likelihood estimation (MLE) on the given

(training) szm_pl{i:::. rt}N L | ifxiec,
ST o i xteC Lk #i
t_.t t
A X 7 A
[, = m,(sample mean ) = 2 X 7] P(C,)= 27
t 1
27 N

¢ ¢
A9 ) . > (x — m-)zr-
o; = s; (sample variance ) = =L— P

e

| Y,

1 (x_mi)z
= gi(x)z—glog 2 —logs; — 5

o1 %

+ log IS(C,.)

« How about Bayesian or MAP estimation ?
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Parametric Classification (4/7)

« Bayes’ Classifier Revisited

— If class variances and priors are further set to be equal among
the classes

= &(x)=—(x—m,)
Choose C,; if ‘x—mi

= min‘x—mk‘
k

— Assign x to the class with the nearest mean
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Parametric Classification (5/7)

« E.g., Classes with Equal Priors and Variances

Likelihaaodds

gl(x):g2(x) L

(x—m ) =(x-—m,)

e m, +m,
2

i
g

o o)
P(q‘x)_PHQ)P(Q)W(ﬂCz)P(Cz)
1 g
PG )+ PAHC,)

1
g 10

Figure 4.2: Likelihocod functions and the posteriors
with equal pricrs for two classes when the input is
one-dimensional. Variances are equal and the
posteriors intersect at one point, which is the

threshold of decision.
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Parametric Classification (6/7)

« E.g., Classes with Equal Priors and Unequal Variances

Likalihoods
C, has a larger variance
01t i
B R B s e o IR
‘ —— Pi] A P(Cl‘x)_PWQ)P(Q)JrP(ﬁCz)P(Cz)
DEF L

? P(C‘) - PNG )+ PG

Figure 4.3 Likelihood functions and the posteriors
with equal priors for two classes when the input is
one-dimensional. Variances are unequal and the p(x[6)=

posteriors intersect at two points.




Parametric Classification (7/7)

« Two common approaches for classification problems

— Likelihood-based approach (as the classifiers mentioned above)

« Estimate the probability distribution (likelihood density) for
samples p(x‘cl,)

. Get the discriminant function using Bayes’ rule g;(x)= P(x

« Gaussian densities are usually assumed for continuous
variables

— Normality test is needed : bell-shaped (unimodal, symmetric
around the center)

« Example classifiers: HMMs
— Discriminant-based approach

» Bypass the estimation of densities and directly estimate the
discriminants e.g., g.(x)=ax+b

« Example classifiers: Neural Networks, Support Vector Machines

C,)P(c))
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Regression (1/4)

Function Approximation
— Assume the observed numeric output is the sum of a deterministic

function of the input and random noise

r=f(x)+€

f 1s a fixed but unkown function; & ~ N (O, 0'2)

— An estimator g(x‘@) used to approximate f (x)
* @ aset of parameters

«9), o’ )

y o~ N(g(x

= P(r‘x) =N (r; g(x

9), 02)=

1

V2zo

exp

[r—sldoll

lom
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Regression (2/4)

* Find a parameter setting 4 of g(x\e) that can maximize
the logarithm of the product of the likelihoods p(rf‘xt) for

N

all training samples x = {",r' |,
£(6]x )= 1og 11 P(|x')
t=1

| { [w-gcae)q

N
=log [ —
gt=1«/272'g 262

{mg[\/%G” zi -2 —gllo)f

constant

» Maximizing L(¢|x) is equivalentto minimizing the error
function
| Least squares estimation
E(H ): 5 Z_: [I’ - g( |‘9)]2 (minimizing the sum of squared errors)

S-P ML-40



Regression (3/4)

* Further assume that is a linear model (model)
— Linear Regression

g(xt 9)2 w, - x' + w,

= E(&’ X): %t]ZZ‘,l[rt —(w, - x" + WO)]2

- Find the minimum of £(g|x) by taking partial
derivatives with respectto  and , accordingly

5E(9‘X) N f t N t N t
=—>r —(w -x +wo)]:O:> 21 =N-wy+w - XX
@WO t=1 t=1 =1
aE(e‘X):_]ZV: ]/'t—(wl‘xt‘l‘wo)]’xt :O:>]Zvl(rt.xt)zw()']z\]:xt-'_Wl.%(xt)z
ow, = = = =
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Regression (4/4)

« Express the above two equations in vector-matrix form

W

N N
N xx' {Wo} . Elr
]Zlet ]Zvl(xt)z t

_ t=
A w y

= w=A""y (if the inverse of A exists)

« Also can be extended to polynomial regression

g(xf‘g): Wi '(xt)k Tt Wy '(xt)z W ’(xt)+ Wo
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HW-5: Parametric Classification

Perform two-class classification (dichotomy) on the two
data sets (MaleData, FemaleData) given in HW-3

The first 1000 samples coming from each data set are reserved for
testing and are blended together

The rest samples of each data sets (training data sets) are respectively
used to estimate the likelihood densities P%x C:) and prior densities P(c,)

All samples are projected onto the first eigenvector (dimension) of the
LDA or PCA matrix

 The LDA or PCA matrix are obtained merely based on the training
data sets

— Normality is assumed for the samples

Analyze the classification accuracy (using testing samples & Bayes'’s
classifier) and also plot two figures regarding the likelihood densities P(x
and poster densities P(Ci|x) (using training samples)

» As those shown in Fig. 4.3 (Alpaydin)

c:)
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